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ABSTRACT
Tlil' TI·illfllrn,d runerd,' sla\, systt'lII is an {'{"onomkal allll popular structural slah
sysh'lJI in hllil(lill~ aUt] IIlrst/orl' rOllslrurri<JIl. :\ major cOllc('rn of this system is 1",.,11-
i~.,'(llJlltwhjllg SIII'iH failllrC' al. tIl!' slah-rohll11n illl('rfll("t'. Punching shear failuTt, O((llrS
wlWJl !hl' '"'Jl11lJlll ~pll11rhf'S" through tilt· slab. This type of failllre is llnpt('lliclablf"
and Unl'll ~lIrl.I{'f1 wSllltill~ ill n.tbaslruphk f.,ilufc of tilt' stab system.
Cllrrtmt :\'orlh Anlf'rkan design ('odes deal with punching shear in an t'lllpirical
"llIlillion basl'd mainly 011 l('st H'sults. This approach is )imi!('() to conere!(' with a
nJln"u'~sj\'l' slft'llglh gt-'l',:,rally It'ss 1hM ·10 ~lPa. Th(' strul-and-tit· method considers
1.111' flo\\' of fOrft,s ill a f('infurred con(Tete clement 10 consist of II series of rnll1pn'!'sin'
~lrllt,~ <Iud H'n~ioll lies joiuC'd at lIodel;" The strut-fllld-tie 'lIl'lhoo is a rational ap-
pWll<:h lo slrur(ural (oncrl'l(' {lrsigll which reslllt~ in a uniform and cOllsistent design
1Ihilll~ul'hy"
..\ slrlll-ll11d-lie Illotl{'1 has bl'('ll dl'wlo)lC'd 10 l11odt'1 tll(, punrhing shear IJ('lliI\-il)11r
of a '"<lllnete !'lab. This mOllel provides iI {luick <lnd simpll' approadl to pUllching
"~llI';tf IlI'haviour. It is applicahlt' for both normal and high strength concrele under
sYlllJllrlric alld lIollsYllll11elric 10<lding with and without shear reinforcement.
Tile strut-ami-tie model for sym:netric punching consists of a "boull' r.haped"
comlJrt'ssivc zone in the upper sectioll of the slab depth leading to a "parallel stress"
C011lllt('ssivc zonc in tIn' lower section depth. Inclined shear cracking develops in the
!lilIth, shapt'd zone prior to failure ir, the lower zone. Cracking in the bottle shaped
lune ;~ related to lhe diagonal tensile s~renl~th of the concrete. Ultimate punching
faihtrt, occurs in the parallel stress 200(' by a high radial compressive stress failure.
Au ,"'quation based fi'lilur(~ criteria for lhe strut-and-lie m~thod is used to model the
behaviour ill the lower compressive stress zOlle. The results of the strut-and-tie model
iii
fOf ~ynnl1{'lfi(" Plillfhiug Slit'llf Il('haviollf 1,'I'r,' l'lIlnpan-,1 I" ,·xl,,·rillwlIl ..1 Io-si ro·~lI1ts
petfotmM il.lltl 11Ill.li~hl"d hy oth('fl;. TIlt' r~lIlls of thl' slrlll-.m.I"li., m",I,,1 SII"\\"I~1
t"ltcellC'flt il6f'('('TnCnl with thei\(.' h_~t r<'Sllh~.
r\ strut·and-tie model wa... also ,1('\"{'lolK'tlto ratiuually ll104l.'lu'IlIS.\"lIllltO'lri'"l'llu,·h-
iug sheilf ['ehilYioltr ,Iut' to lluhala1\(Nll1lotrl,'Ul lr:llIsfcr ;tn,1 sYllll1l1'lrl"l'llnrllill~ 1",-
haviour of concrrlc slabs 11'1111 slll'ar rt·Il1fofCt'l1Iclll. TIt"St, m,,,I,·ls "III1It',·,1 ,·x ... ·I\'·1I1
agtl>t-'mcnt with tl.'St restllts pC'norm('t\ illl(lllUhlishC'<1 hy utllt'rs.
The slrut-and·tic m{'lhorf p~'nls a Illlirlf'd, C"ollsisll'lI1. tillj"1Ii111...h"vj"l1r m, .. I,·1
for structural concrete c1C1l1('uts indurlillg lh"l'llllChil1jl; "Iwar pl1"I1"I11"1I1I "f <1l1lO"f.·.. '
~1a.bs.
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Chapter 1
Introduction
TIl(' rL,juforrnl COlUT{'tc slab system is all ('(:onomkal and popular structural system in
lmilding awl ()rr~horl' construction. :\ major concern of this ~ystclll is localized punch-
iug sbcar failuTe at the slab·(oluTllfl location. The catastrophic nature of punching
stwar [aihlTP has hl'<'l1 a major concern for ('ugiuccrs for many yt·ars.
Cum'lIt Nurth At1Lt'rirall codes (A(,J :H8 [.,)2J and CSA (':\;'-;3-:\'2:1.:l (.j3]) deal
with l'llf1chillg Sllt'llf Ilsing an ('rnpirical eqllation base<! mainly on test results from
~Io(' [1\. This approach does not rationally moclc] the actual slab-column behaviour
allrl b limitl·,j In slabs of rdatively lo\\' flllllllTl'Ssi\'c strength. 1-1-40 ~Ipa. H('nrc.
il is 1I('{"('s~ary to develop Il rational mOllel to predict the behaviour and ultimale
~liear ri\lJacity of concrete slabs of varying comprc-ssive strengths. The strut-and-tie
l1Iodel, considers thl! flow offorn~s within a structural element to consist of a series of
rurl1pres~h'c strut~ and tension ties joined at nodes. is proposed to rationally model
thissilllatioll.
1.1 Scope
A strut-and-lie model, based on an elastic theory and on the classical Kinnunen and
Nylander plate theory model [13), was developed to model the behaviour and ultimate
pUll ching shrar capacity of both normal strength and high strength concrete slabs for
symmt'tric and nonsynlllwiric puru·hing sll\'i1r. Slal,~ wi! II ~lwar rc·ill("r...·II...nl w,'r,'
also considered under synunetrir loafling. TIll' strut-and-tit' lllofids \\·f·r.' f'''lI1pan~1
to experimental tcst results relJorled in Pil.'lt lih'nll.ur., ;111.1 f'mr('nl (';lI11"li;\1I nul.'
requirements. ,-\ computer spreadsh('('t program called ""lINCH" I\'a~ f[t'\,I·I"I",d III
assist ill the cakulatiOlIS in\·o!l·...d with motlf,lIing tIll'll(' flllllt"hill~ sht'llr sitlla,i"Il~, S<.~'
Appendix A.
1.2 Objectives
The main objeclives or this t!l('ll;is arc:
I. To examine the structural hdliWiour or punching sll,'ar ill I·UIlI·ft,t,' slal,~.
2. To examine the application or strut,and-lit' mOIII,ls in strHl'lllral ""ll"rl'!,' 1,1,,·
ments,
3. To develop a rational strut-and-tic morlel to pn'dirt thl' J,dHtviullr ;llI,llIltilll;IIr'
punching shear or normal and high strength concrete shahs, Tilt, mUfl.,1 illdllrl,.,.
symmetric and nonsymmetric loading and punching slll'ar r<'illrur... ~nf'llt.
1.3 Thesis Outline
Chapter 2 reviews past literature conducted on punching sllf'ar IIf mll':rctc' sial,s
including empirical and rational sludi('s and rrt'scnt North 1\lllericali .1.'si~1I •·..'I,'!l
requirements.
Chapter 3 reviews the conccpt or the strut-and-tic modcl. It .Icills with its hlt.~ir
components, general design procedures, and some examples or 1f.IJplic1f.ti'JIls.
- =1-
Chaptc:r 'I .ICNCril.ot.'S tlie proposed compOlll'lltN of a strut-anrl-lie model to describ('
plIllchiu,; sllt~ar IJc1lilviour in concrete slllb syslt:ms.
Chapler ·S cOlllpart.'S the punching shear behaviour of a slab using the strut-and-
til' IIlf'lhooi t<, published experimental tesl results and the current Canadian ('oncrele
1:0"1'.
Chapll'r 6 dt'5ni~ the conclusions I'f'llchni in this invcstigalion.
rll~illJy tu diagolJall<,usioli ill tllC' ('ollcrC'te. 1!l:'IlCC. II should be proportion,,1 10 tIll'
COllrT('te Lellsilc strclIgth. Jr. This {'quat ion contradicts experimental findings lince
ill! the rciurorcelJleut ratio inueases the predicted punching shear decreases.
Graf [41 reported the results of all experimental study on slabs subjected to ron·
ccnLratcllloads in 19:18. Thil was followed by the work of Forsell and Holemlmg {5]
in 1!146. 'fllf'ir formnlation was similar to that o( Talhot's exrept for the location
of the critical sf'diol1. According to Graf [41, the critical seetion was at the column
IlI'riplwry. whil(' FOf'('11 al1l11lo1cmbNg located the critical section at a distancr h/2
frurn the column face. In till' latter case. the s!l<'ar stress distribution is assumed to
bl' paraholic oyer IIII' slah thickness;
(:!.2)
\'
1'= .J(ct}Jh" (2.3)
lIr>gnrslall 16). in 19.'j3. was the first to propose a design <'quat ion in which the
illl1lll'I\Cl' uf flexural strength on the ultimate shC'ar ~tr('ss was taken into at"Count.
Arter a re·evaluatioll of Richart's [i] tests on column rootings, llognestad [6J showed
tha~ thetlrsign methods of the time (based on Equation 2.1) did not give a consistent
(ador of safl'ly ..... ith respcclto shearing (ailures. It was suggested that the ultimate
pUllching shear is mainly dependent upon the following variables:
l. PropcrtiC'S of the materials used in the slab:
(a) concrete cylinder strength. f;;
(b) amount, type, and grade of tension and compression reinforcement.
2. Size and shape o( the loaded area in relation to the slab thickness.
3. Span, support condition, and edge restraints of the slab.
lIogn<"5tad (61 C'ondudNI that the ultimatr sht'arillg ~t"'S... tlf a \'l\ri.'ly lIf ,.11,1~
could bt expmscd by the \'mpirical £'qualion:
C"" (0,035 + O~i) f.~ + 1:10
,'{here' 4ln is 11lr rMio of the ultimate shrarillg rapacity ur III\' slah t.. till' lIhilll;\lt'
IlrxurAI capi'lcit~, of the ~ll\b if it 11l1l1 not fllill'll in ~b('nr, Tht' nlliulillt' ll.·xlIr,,1 "al'''''ily
of the slab was computL'I:l using ~'ield lint' theory IIml WilS dl'pl'IlIIl'111 on lilt' l'n'IIt'rli,'ll
of the slab and th(' size And position of tht, lOAdrl! art'lI, lIo~/1l'st;1I1 (,u'u",tll'd 11,;,1
Equation 2.4 might not IJ(' valid for slahs with dil1ll'lIsiull<l1 T;llius Ill' r'llIfl"t't,'sl fl'll~lhs
outsi(le the ungcs of thoSt, of Richart's sli\hs.
Ebtner ami Hogtlt'Stlld [8J rrporto... l in I!l.'i'! sllt'ar 110:<111 of a fnrl1ll'r 1,1 !'flails,
F..qualiOll 2,4 WIS revjel'lM in tIle' light ofl1les(' h'Sts 1111cl lli.I!it, rl'porh-I! hy FurSl'lI lIllll
Holembl'rg 15) and Rirhart and I\luge (91, Satisfactory agn't'llIt'nLs Iwl\\'I'<'1I "losl'n'I,1
and prediC'ted shearing failure 1000ds w(Orr foullt] to e'xist.
Addittonal trsts WCT(' JIl'rformrd ill oNC'r to l'Xll'lId l!1l' rolll,l;I'S or 1I1l' ,,1;11. \,.. ril'IoI,'S
of prt'Vious lest progrJ.mmcs. Elstner and HogM'Stad [101, ill 1!156, T1'I)<.rtl'll tllllt
Equation 2.4 gave unsaft!: e.stimatt."S of the ultimatc punching S!le'iU ~tn'IlKtll ..f slal~
of high-strength concrete, The rollowing tqualKlll was fOllnd to ht, illl)(~llf'ragrl'4'llll'llL
with the test resulh.
V"" O~:6/; + 3:13 psi (',Ui)
It was also reported that neither a. concentration of tensiun rcinforct'lIlt'lll IliTl~,tly
beneath the loaded area nor the presence of compression reinforcemellt Inul allY IIp'
preciable effecl on the ultimate punching shearing strcuglhs of the COUtwtf' ~Ial,~
tested,
r..loe 11 J conducted an experimental investigation consisting of live dilrl'r('111 NCril'~
of test slab and studying the effecl of:
-i-
_, ('''III','ni.ra'hl~ tilt' 1,I'll~il(' rt'illfurc"{'lllt'lit O\'l'e the colunln,
:1, Illdllrlinp'spl'cial typl'sufsh"lH reillforc(,ll11'nt.
,I. Extrl'lIl1' fohllnn ...ill'.
ii, EI'fl'lItric (1llunln lfJ~ll.~ or t rilusfer of mOllll'llt.
~I,,~'. loasr'd Ull hi~ exp<'rillll'lltalllrogram. den'loped 11 ~(,l11i·ell1llirical typ(' <'tlIHl-
li,," III "aklll"tl' till' Ill!iruah' plllldring SIr('iH stn'ngth:
I)" ]5(1 - ~[ii
"~ = -;:;j = J + r,.l:'~-iJif
r""
(:!,fi)
~hl(' slatl',l t!l'llllw ..ritit'al sPftioll of a slab, subj('ct('(! to" conn'lltrated load, was
,,' tlu' .",)lllllll perilll('tf'r alllllh~1 tht· shl'"r ~trt'llgrh was In snnlP (':-;telll dl'lJl'lH!ent
1l1'''"lllt'lll'XIlTillstr''lIglh,
111 tIll" Tt'purt of A(,I-ASCI:: ('olllllliu('(' ,1:!6lJ2] of 1962. the rccom01('ndaliolls of
III<' ,-,xist iug fonndl! Luililing cm:!I' wert' Tl'\'icwcd in th<, lighl of lhe research carried
,,"l at dial lillll'. It was sllggl'liled thaI Moc's e1luation (Equation 2.6) was tilt'
IU'st "~lllalioll (0 .lall' for th,' prl'diction of th(' puncbing failure load of slabs tested
1IIlfll'T lahnratory conditions. For practical design. 'Po was climinall'l.\ from ~1oe's
"fIliation uy a.~SUl11illg tllal il was t'qual to unity. Following ~lot"s suggestion Illat lhe
plllldling ~hearillgstrength is a function of the square root orllte COllCTel(' compressive
.,trl'ngl1l, Iltt' ('olllmitt,'l' rl'commended that the following classical design C<juation
fur til(' call"1l1atioll~ of thl' ultimate shear load:
v = IJbd (2,i)
wlwr(' I' S ,I.O!Jj - (psi) alld b i~ Ill!' It'ugth of till' "1'~"IllI.. nitil"i,1 :>,'rtioll,- t;II;"11
as the peril1lt'l('r at a ,Ii~talle{' of til'! frolll Ih,- 1,,'ril,lll-r~' uf Ill<' IlI,lIlt',1 ;,n';" TIL"
posi'ion of the afi~umed critical section was dlU~"1I ~lJ Ihal Ellllalillll '!,i ill('"rJl"r;ll"~
allowance for the c/d ralio.
2.1.3 Rational Studies
I\innunc"!l ilnd Xylander [i:Jj, basell on ohsl'C\'at;oIlS of il Illlmlll'r of t,':>I" "f ,'ir<'lllllr
slabs with central colunms, conCl,i\'('r! an illNllizel1111ud('lufil sl;,I, atll\llldlitl~ faillll"l',
It wa5 a5sulIll,d tllal the slab portion ('llISid,' th,- slwlIr rra,'k, wllirll l~ 1o,,\ul,),',II,,\'
this crack, by radial cracks. alld by tIl(' rirClll11f('rl'III',' .)f I Ill' Slill,_ ""II hi' n'/!;an[",lll~
a rigid body which is rolal".1 uIlller tIll' "'"' itJll of tIlt' load annllHI " 1"1'11' n' "f ro ,t;,li'lil
located at tire root of thl' shear crack, TIll' mudd is ilhl:<lrale.! ill Fi~'lrt,:< '!,I illlll
2,2,
The critl'riol1 of failure iUllle 1IlI'c1lanic<lI'I1,Jrlt'1 \\'iL~ Il""'ull"I,s,',,f lil" ""Ilj,-"I ~I,,'II
which occurr,;,>d when the tangential strai'l ull Lilt' surran' uf 111t' ~[;,], ill tIll' vi,'illil.y
of /11(,' root of she<lr crack readied an ,'mpirical o:rit;ral \'alm'. TIll' d.ar'Il'I,'risli,'
tangential strain at failure was delermined frum tests on slabs witlr ring Willrurn'IIl"lLl
only, The punching load was calculated by assumillg a (!illlcnsioll or till' nmjr<tl sll,·11
and then following a convergent iterative proc('ss,
Kinnunen and Kylander found that their theory ga..... values for th(~ pUndlill$; l"ad
which were in satisfactory agreement with f('sults of their OWII tests as w('11 ;~., tlloS"
of Elstner and Hognestad POI, Th~y allrihuted low calculate!1 values. ill tIll' ,',LM'
of t\':o-way reinforcement, to dowel and m..mbranc e/Teets, and slJ~('stt.'fl tI.at tlll~y
should be taken into account by multiplying the calculated ultimatl' If/ad by 1,1,
Kinnunen 114J later published a paper in which he r.n'senl(.'d a llrimarily (Illillita-
tive study of dowel and membranr ",ction in slalls with two-way winforn'IIlClll alill
oj
Figure 2.1: Punching shear model by Kinnunen and Nylander.
- 9-
<,
Figure 2.2: Punchi~8 model adopled by Kinnunen and Nylander.
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r(mrlu,JI~{1 that the punching load j~ illrr('a~ing by about 20 per cenl by dowel <lnd
1Il1'mhranl' cfrl'r.l~.
TIm n;llIllllll~1l and Nylander model II'as later crhiciu'l:l by Long [Hi] and Reimann
[161. TllCir major common nbjectioll wa~ tllat the as~ull1plion that thl' compressi\"{.'
slrl~lIglh in tht, conkal shell was iIlJproximatdy constant throughout and wa.~ made
in 111~glf'ct uf prolJablt' shl'aring strt'sses on the shell sllrfilce.
This tritkisl11 implies that th{' existel1ce of thr assumed conicAl shell should have
11<'1'11 proven. Rather than verifying its existence, Kinnunen and Nylander havejusti-
lil',l its IISI', alollg with that of tlll'ir criterion of failurt'. by showing consistent satis-
fa.-tory agrc<'lIlent hetween rakolall',l <Iud lest punching loaus.
Ihl.<;<>d all the t~t obst'rv<llions of Kinnunen <Ina .\"ylander {l3J. Rt'imann [161
pr0l'o.~cd a silllplt' idl'aliscd modd of still, at punching failure from which the pllllching
load ran 1Jl' ralcula.tt'd directly. Tht' throtetical model is made up of a punched cant'
l,r COIWrI'tc, Itll outer annular siaL and a joint. which was idealized as 11. hinge bridgt'd
l.y <1 sl'rilig. ht'tl\'(,(,ll tlJ(' inner amI outer regions at the Ilcriphcry or the column.
The Mngc was assuffil'll to coincillt· with the centre of rOlation of the annular ~Iab.
The model is illustrated in Figurt' 2.3. Reimann applied his method of analysis 10
rt'Sull~ of lests by Kinnunen and Nylander and others. He found reasonable agreement
hctwct'll calculated and test failure loads although the average valuC5 of the ratio of
llie actual failure load to his calculated failure loads w('re usually greater than unity.
Heimann ignored any dowel and tensile mt'mbrane effects which could account for hi~
somewhat low calculated values.
In 1967, Long 115! and Long and Bond 117] reported a theoretical method for the
ralculation of the punching shear load of a slab with two-way reinforcement. Assum-
ing a linear distribution of stl't'ss, the stresses in the sbear-compre3!ion zone were
calculatt'd using thin plate theury. An octahedral shear stress criterion of failure was
- 12-
Figure 2.3: The Mechanical model proposed by Reimann.
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TIll' Illlcurn'clerl load w1l..~ then adj1J~ted to give the punching load by applying com'c-
ti"ll~ fl'T SIlH<lUndillJ; ~lall all'] support conditions and for dowcl and lCllsilc membrane
LOllI; lind Bund sl10wccllllllt tlwir tlwory gave punching loads in good agr('('lnent
with t£~1. rf',sults of, among otllf'rs. IHchart. Elstl1ct and Hoglll'Slad. ~toe. and Kin-
1I1I11('n and Nylalld£'r.
In tilt' discussion which fol1o\\'c,.j Ihis wock. the rele"ance of the equations of elas-
ti,-il)' I" ~1;1I)s lIear faihm' lind till' sllggcSI£'d nl('chllnisl11 of punching failure was
lJIW~li<lIlI"1. Thl' ilsslIllI]Jtiotl of Long alltl Bond that thl' load sllpportC'f1 hy a failrd
slaloal'prol(il1lal('sthrdT('clofdoll'l'1an£1 tCllsileIllcmbrancaclionon the failurc h'lad
i~ ;,Iso qlll'StionahJe.
.\lilsl('rson and Long {181 proposed a simplified finite c1l'ml'nl model for local slab
c"lll!ilions alullimak failure. Th('ir idC'alized reprcscntalion of the slab-column con-
nt'dillll was 1'£llli\'al~'1l1 10 till' tll£'vry vf oI~'H'luIII11Clll of 10('111 pl<lsticity at tl](' co]urnu
JWfiph,'ry. Hy r(·latillg lhe applil·d load Lo lh.. internlll momenlal failure and by mak·
ing all appropriale allowance for dowel and meOlhrane effl.'Cls. the punching strength
\\'ilS filum] 10 be well-predicted for the majorit~,of chosen realistic slab-column spec·
inll'ns l<'Sted by some reseauhers.
Long [l9111'1ter formulated a two-phase design procedure in which the punching
strellJ;lh wa., predicted as thl.' lesser of either a flexure or shear criterion of failure,
This approach has certain limitations, a.~ it could not handle slabs with high.strength
('(l1lnelc and slabs with low Il.'vcls of reinforcement.
III I!lSi, Long [201 extended his work by using a more rational treatment of the
!It'xural mode of punching failure. Long used an analYlically based linear interpolation
1lIurnent factor to relate lhe ultimate tlexural capacity to the yield moment. This
II
factor dep<'nr!co on Ih(' ~lah d'lctility whit'll was (',msi'[l'rt,,j \" ftl11trull11O' ,l",~r,'l' "f
yielding in the slab at ("ilm.,. TIll' ultima!" sllt'at {'apl\1";ty \\'i\S l,asl,d 011 illl ('ml'iri"al
rdatiollship fot ""ftkal :«lWiIT 51 [('55 on a criliral ~1'..-ti\ll1 dOSt' ttl till' ... ,llIlllll 1"'TilllO'l,'r.
III 19iO. Gesuml amI Dikshit (21) 111<t'tl ri,·leI lilll' Ih,>tJry tlf .lu],alls,'u (1%2110
analyze punching (ili!IIr('S in slabs. Tl\('ir work \\';L~ ba~('(1 un lilt' r.-:;I'ilfCll ,",uri",l
Ollt by G('suncl I\l1d 1\<Iushik [:!2] \1'110 nlll<:lml,'d tllill tht· filIi" l'fl~r/I'f!"1 fur II1Ii
alleged punching ShCilf failures avcrag.,d 1.015 wilh a stmulllnl ,[,'\,;al;\l1I tlf ll.:!·l:-i.
They assumed a yidd lil1(, fan mcdHlnisl1I around til(' ('010111111, ;IS SItIlWIl in F;~lIrl' :.!..l.
The ultimate load calculi\tcd for that t1lt't'halli~m \\'fl$ l'Onsid,'r"tl I" Ill' III" Ilhimal"
punching load for the' ca~e of an interior circular culllllm. Tllis llll'lhod o\'('rt'still\;lll's
the punching strength 1l1ltt's~ thr flexural 1110(/(' of failurl' is till' tlolllimllll tllIl',
Another applicatioll of plastic theory to t'stimat(· till' VUII"hing r.'.~istalln' of ax-
isymmt'tric cOllcrt'te slabs without sh(Oar rciliforrt'IlI('lIt W;IS pfl'SI'IllI'f1 1,,\' ~il'ISt,tl,
Brat'strup ('\ ill. P:11 ill 19;8. Tllis tl1('Ory is in nmlrast with (:\'Sll11'["S 11ll'lhwl. ,IS
the punching lI11'dJallislll adol'l!'d ill Figurl' :?..'i is ttllillly ill,J"P"II,I,'UI "f till' fl,'xlI"al
properti<'S of the slab. The lIIt'challlslll is one of the punching \If;1 sulitl "f TI'\'"lllli"lI
attachc<l to tht' column, whDt.' llIL' rcst of th ... sIaL remains rigill, IlsiliK millillliz;lti,,"
of work, together with the modifieu Coulomb criterion, .'ICC FiguTI' '.!.6. tlu' lIlillillllllll
uppt'r bound solution for the ultimate punching \oau was ohtiline'l. This lhl'ury ,'llIl'
lradicts experimental findings as il neglects lhe effect of thr nt'xllral Tl'ilifurn'lIu'nl
on the ultimate punching capacity of the slab,
In 1982, Andra (241 presented a theoretical model for the Jltllidlill~ Slll':lr IJf a
circular slab wilh ring reinforcement. A finite element analysis wa.~ 11.'11,,1 to J,:riw lIu:
proposed model. As done by Kinnunen and Nylander, tile mOlld CU/lSi'!l:rs till: ri~id
body rotation of radial segments around a center of rotalion localell al till.' fat:f~ of llll'
column and the neutral axis, as shown in Figure 2,7, Each segment is aHlIly~,·,l Ilsiul;
- 1>-
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Fisure 2.4: Yield line mechanism used by Gesund d at
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Figure 2.5: Failure mechanism of Nielsen tI at.
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Figure 2.6: Failure criterion and yield line locm for concrete.
a tfUSS modrl (Figufe 2.7) bcyon,lthl' slll'ar cral·k. willi ·15· 1l'll~illll ;11111 "'lIl1llr,'~~i"l1
dl'lIlents rrpresl'lIting thl' beha\';our uf lin' l111l'rarkt'd \\'I'h. SlllIl'Til1ll"l~,',1 "II lhi~
lattirc th"fe aTe additional coml'r('ssioll~ r!uliatinp; fr.,m tilt' C"llllllll fn,·,· I...h,w till'
crack.
Figure 2.7 shows tht, failure philosophy a~~'llll(',1 by Alldrii. II" ,I"l'nil",s tl1l'
failUfe of tIll' COIlCfetl'strut ncaT til(' column fac,' as ol,ing a r,·sl.rit't",! 'Tu.~llill!\ "f
concrete, while, in the part of the strut far frolll tlw coll1l11n fa,'", its dl<lTal't"r i~
of an unrestricted splitting. It is this modd which is doses!. ill philosuphy to llw
slrut·and·tie mOllel to be devdopt~llater in thi~ pllblicatioll,
Shchata 12.5), in 1985, followed by Shehata and Rl'gall 1:!61 in 1!IS!I. pn-s"l1lt·,1 a
Illodclwhich they claimed to be au impro\'('I1lI'nt o\'('r that of 1\;111111111'11 <lu,ll':yf'1l1d,·r.
In that modd, the effect of dowel and Ilwmhrarll' wa.~ dir('cl1y 1';lkulat"d fru11\ tllO'
modd and the failuTe criterion was 11l0difi,',l,
In 1987, Alexander ami SirnmorH.b [2;1 pn'M'lIkd a trllS~ IIU,,!t·1. 'I'll!' 1ll",j,'1 pr,,·
posed consisled of a tlr~ (lilllCllsioual SI'i1C1' 1rul's ,·,tlUpus,',] ,,f rou'Tt'I,· "'llrll>T!'~~i"lr
struts and steel tension ties. The reinforcing sh_'d ami conOTell' nlllll'fl'Ssiun Ii"hls
were broken down into inr:lividual baN;lrut ullits (Figure 2.8).
The truss model includes two types of compression struts: (I) llrl!SI~ Il;\fidlt·f t"
the plane of slab (anchoring struts) and (2) thos" at soml' arrglo;> ft to till' plarre uf tlll'
slab (shear struts). The model predicts only two possihle failure IlItl,les for II shc'ar
strut; either the steel yields and the angle of shcar strut Q ft'ilrht,s son", crili""l valuc',
or the concrete fails in compression prior to yielding of sh,d. This implies llrat tll1~
traditional concepts of shear and "exure docs not apply, and tile two po.'lsibl,~ l1lo,I,:s
of slab failure should be classified as local connection railllteS a.s uPl'lIs!.,,1 tu (IvNali
slab collapse.
Alexander and Simmonds stated that the e\'almllion of the angle (( rrce,],'d furtbcr
r ~ FT
t=-========-'\~
IliiCi' 'M'1 rollliollll'ti a41,ld \1 bIn.
"
LG
. i
\lh'u',lrllJ iiuliulillof I ndilll!(lul.
~I ::::::: I-"=jI~ ~ I",.Il,,,,,,fm'''~''''l"'''' !
Figure 2.7: Andri's truss model.
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Figure 2,8: The truss model as propo!le<! by Alexander and Simmonds.
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2.1.4 North American Codes Requirements - Symmetric Punch-
jug
:",,,rl1, :\lIwri"lIl1 n,.I•.,. ;,n' IJlI~,~1 mainly on the work Qf ~Ioe III. Th('}" ar... eml,iri.
,·.,lly 1",w,j ('IIII;,'i"IIS .lo:n:h'pt'rll1laillly from tt'St r('su]ts using ~labs of rc111\i\'('ly low
n'I'IIJn·s.~i\'o' sl n·IIAtll~.
TIl" ('1IIIa<liall rOlh'. f':\:"':I·:\:!:I.:I·~IS·1 [.":1). trt.'alsllllnching shear ill all"11lpiriral
"'II,ari'JlI ("un,1 in ('Ia'rst' 11.10.:.!.
I:!.S)
1'111 11<,1 gn'al"r ,IHln
11.811)
.1. = r;,Ti" of Icmg sidt' lu slJlJrl sitl,' uf lill" COIlC('lllrill,>flload ilrca.
f~ = I'I'rilllf>!l'r of 1Ill' nitw,,] S('("t;Oll (Sf"(" Figurl" 2.9)
.>,. = Tt'1'isl'UJr... f"ctor fur rOI)f""u'le = 0.6
..\ = farhlr 10 ,KCOIIIl' for IYIK' of ('onere-Ie
1.0 for lIonn,,1 density eonfrcl('
O. j!) for low t1(,l1sily rOllerele
Th,' Cllm'lIt ..\t\lrrican code. :\('1 318-89152] has a very similar empirically ba.5C'd
I'fillati"n a.~ the ('anafli1l.l\ rod ... f.'xrcpl it is based 011 str("55 in imperial units and has
a ,lilf, 'n'lll ora,'tor. :\('1 c111\lS"ll.I:!,:!..t stllies
(:!.9)
hilI 11\11 gr('al('t than .fo/J: where
0=0.85
2.1.5 North American Codes Requirements - Nousymtllctric
PUllching
The ('lIlliHlil'll\ coll<'rrll' (·Udll. (,A:-;:J·A~:I.:I-~'S·I (!i:l] all,1 :\('1 :IIS.~I!1 1:111, II",· lilt,
1'lIlpiricnlly ba~etllil1l'll.f slll'ar .~tTl'l''' distrilHlIiuli fCJr 1lw d,'"i~ll ...\1 till' nili"al ",·,'t iun
~ from t ht' filce of tlH' colul1In of stu-at "I n"'''. I'J. ,I,ll' ,,, ,I fa,·\<,rt'd "IlI':,r f"f... • \ Jall,l
il facIOrc..u bl'lIcling II1UlIlI'IIl. ,\IJ' i" ('xprc"'-~I .. I Ity:
(:!.1lI1
FCJr the 5(I"arC' rolumn of the 1c.'Sls (i.e.. Cl = Cl = 1").
b", .1(1"+")
tI df,.. 'liw·,IC'plh
fHU
~
J1 ~+~
.-\CCOrclillg to Iltl.' Callauiall cooe. no sl,ear rdnfHrrt111t'II1 is Tl'fI"irl ..1if I'J :::: 1I,·kJ, If
(assuming 0.5 r, $; ("1 ~ 2c,). SlIt'aT rcillforcc.·llwul is rt.'fI"in ..1 if I', > n...o, Jt. III
the Illtier rase. the following rcqlliK'mC'lIt5 h;\\'I' III 1,(' 111<'1:
wher<'
,"d
"~I =" II~+ ".
(= shear resistance of cullcrt.'lel
v. = ;:~;~41~
(= resistance of shear rciufurr.t'lncnt)
(:!·1I1
I:!.l:!l
- 2:]-
TIlf' ..\('1 ,,",visions <ltc similar 10 those abo\'c, except that the fl-'5isll'lIl(C (actou
lire: ,Wfcrl'nl. ACc"Ording to I\CI, no sheaf rcinforccl1lt'ut is rrquin.·d if /', :5 O.:J:jo.J1;..
If 1'/ > O.:I:Jr,,!J;, sllcar rc;nfOr«-'IIIt'IIt i:; rC(juirt'd so that
1'/ :5 o(t'~ + ,',I (6 = O,8.5}
wi,,·,,· ". = 0." fJ:.
~I .!1I ~ Ti . -'-
(a) Punching ,hear failure
..«~ <,.. -t'{'~
(bl ASlumed crltlcel ••cllon
Figure 2.9; Critical section for punchi hng s ear ~ per North American wdt.'ll.
Chapter 3
Strut-and-Tie Models
3.1 Introduction
Traditj"nflr llll'thod~ in tlu~ .lrsigll of ~truclural concrelc members for axial load.
mum"IIL shear, and tor~ion h,we hC'C.'n well d"cuml.'l1lcd. Tile methoas arc based
UI1 till' dasskal Ill-Tool/IIi bCi!.rll tllrory. TilerI"' are. lJowl'\'("T. imporlalll regions in
nmn,·!c slructntt'S ..... hC'TC the strcr.scs cannot be determincd by these approaches.
Tlrl,.~· tl"giUllS an'lt'rmed disturbed regions or D-regions. Examples of SO/ll(' a-regions
in f"onTn-l.' slrurlUT('S lITC showlI in FigUTl" 3.1.
lJ·rrgilllls. if ullrrllCk<'l1. fall Ill' Ik'Signetl hy Iin('ar ('last it' 51 rrss t1ll'thods. hO\\"t'\"t'r.
ir,ht·y arccracket.l. acct'ptrtl design approaches do not exist. Rult'Sof thumb. detailing
an,1 Jlas!l'xperic-lIcc h8\'(" been methods used in dealing with D-rl"&ions. Inelastic finite
dt'IIWlll models are capable or predicting thecomplex stress flows in disturbed regions.
howl'\'cr, they are time ccnsuming and costly ror use in every-day design practices,
COl1siderabl(' insight into the Bow or rorees can be gained by the use or strut-and·
til'models. Cri\cked concrtlc carries loads through sels or compressive fields which
an' distributed and iuterconnectcd by tension ties, Tile tension ties are reinrorcing
hars, prestrcuing tcndon~ or concrete tensile stress fields. After significant crack-
ing has occurred. tile principal compressive stress trajectories tend towards straight
("olllprl'Ssh'e struts. The complex inlernal flow or rorces in disturbed regions can be
llIoddk-d using ccnnete ("ompressive struts, tension ties, and nodal zon~ which rep-
·'2li
Cc) Anchor buttress for
post-tensioned tank
~diSlu.rbed
~
3r2~
end on wall corbel
Cb) Ledger beam supporting
double tees
Cd, Simply supported single
tee with opening
CeJ Large pretensioned
bridge girder post-
tensioned after erection
Figure 3.1: Examples of disturbed D-regions.
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w~"1I11111' n'gilJlI~ of nmett'h- wlu'w tile ~ttllts and lil$ tlll'!'!. \'ariou~ applir'lriolls of
strllt·;IIIt!-li.- l1Iodels are ~liowli ill Fi~lIrl's :1.1 alld :1.:1-
Till' liS(' llf uuiaxial strl'$sl',l truss 1llt'111bcts to model I he Slrl'SS flow in crackell n'-
illfl,tn',1 COIH'f(,tC fla\.(-s hack to thl' turn of the CClItllTY when Rilter [2S] and ),Iorschc
[:!~I) illlro,lu("cd till' trus~ analogy. .\Imt· r('reut advances have bN'll marie in the
ar'·a ..f strllt-alld·tie 1l1001l'1s ill Europp and ill Xorth AIl1<.'Tica. Schlaich. SchaffN.
and JI·rrtle\\'I·ill /:10) sysll'matir<l))y t':-;pfllldt'fl sl:o:-h modl,ls to includl' all parts of till.'
slrurlurt· ill 1111' htlpt"' of attainillg a Ilnified. cOlisislf'nt design approach for tt,inforcro
;lItd I'tI'slrt'~spd nmrTl'tl' strllrtntl·s. Tlwir stat('-of-lhe-art report, enlded MToward
11 ('umistellt Design of Structural ('oncTe\e," was prcsenlC'd to till.' ('omite Ellro In-
It'TlI1ltiul1l1t Illl 131'1011 (CER) in cOll1wrti"n with the rcvision of the .\lod('l Codt' in
Europe 1,),1\, 1'h... Canadian code (':\:\:1 :\2:1.3 .\1-84 I.lol) includes as part of its gcnf>ral
IIl1'lhtHl uf .~llI'ar dl'Sigll, ('Iall."" Il.l. a simlllt· rlcsign approach fur ,Ii~tllrb"d regions
l,as(·,lolI till' ~trlll·alld-li... Illo<lt·l.
3.2 Components of the Strut-and-Tie Method
3.2.1 Bernoulli B and Disturbed D Regions
Ih,illrOf((,<1 ('OllCfl'le structures may be divide-d into separate design regions base<! on
1,l;lstit" straiu .listriblltion alld load paths as discussed by Schlaich and Weischedc [:HJ.
Th,- Tl'giuns of a structure in which the strain distribution are linear (plane S<'ctiolls
n-rm.in plallc) arc referrl.'<l to as IJ-rcgions where B stands for beam or Bernoulli.
For 1l1lcracked B-regions. str('Sses may be calculated from the bending and torsional
moml'uts, ~h('ars, and axial faters using section propertiel. For cracked B-regions,
,/,'sign methods based on the ttU~s Illodelmay be uS<'d,
D'Tl-giol1s arc regions having geometrical or statical discontinuities, In these re-
.....
, , "I\, I "
r, Jf-
• t
p'-"on I pile CAl)
Figure 3.2: Examples of strut·and-tic model {aoJ.
QI W='rF~----- '>fI-!{
lilr '"JL 1. __ all
<'rP) fJO
---"~)p
Figure 3.3: Examples of strut·and-tit model for beam/sla.b-column con-
nections {30].
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gions. 111(' strain .listriblltioll is nOlllin,·ar. Exallllll,,,, IIf /J·r'"!1:itllls an' T<1:iOlm, 11"ilr
5upporu. opening. dll!.ng<'5 in &<'Ullll.'try. or ("un("(·nlrah..1 1...,,11" "'1" shuwll ill Fi~llrt·
:lA. Bast>d 011 S1. \'enl\nt's principal. Schlairll and \\'.·i~·I.... tl· [:l1J sIlM.",t Ihal a
D.n'gion may he as.~lIlTK"d to extend apPTOxilllaldy 11111' ,I"plh, II, away frullI ""11110'1-
rical or statical discontinuities. l;ncrarkt"/ D-rf'giolts lIIa.\· 10(' allal.\·"I....1 llsiu): lilwar
t'lastie finite c!rowut InAlysis..·\fl,·r CTilrkilig. /J·n·gillil 1o.·!Ja\,itlllr b slid. 111"1 IIII'
traditional design prucedun.'s an' typically rrnp;rir,.lly ,1l·riw..1 11"1",..1,,11 \(ost r"sllhs
(corbels, dCI'P beams). Th<'Sc reqllifl'llIl'nls usually gi\'e ~lIiclalln' 1I111.\' rull ...·mill!!; 1,111'
provision of reinfortenwlIl. and 110 fllt"mlll is matll'l" 'l,wllLiry sln·s.~'·s ill 1111' nl1l-
crete. As a result. tIle load.carrying ll\l'chllnisru is 11l1kllllWll til tilt' ,ll'siglll'r. :\ 1I1l1n'
consish'Ht uf'!;igll of reinforced conTret(' "lrllrluT<'s is pvssil,I., if slrlll·;011d·li.·II .... I,·ls
arc used to design these and all r<-giolls of tit.· (.'Utir,· slrurlUrt·.
3,2.2 Tension Ties
In a stmt·and-ti(' 1lI0del. a tie forct· tl'ptt':«'lIl~ Ill(' 11I11I1 furn' as.. tlll ....llu I... ill·till~ itl
l\ given location. Typically. reinfoTC('nwlIt i5 pro\'ill('l!lu rl",i"llh..' h·usilt· stfl_':t. 'Ul.l
Ihis rpillforct'm('nt is positioned 1I1lch that its c~lIlroi.1 is lvllilwar with till' a.'iSlIlll...1
tension tic. sec' Figure 3.5. GeJICrally, the r('inforCl'llll'lll i~ asslIlI\('I"l to III' ralllllll,.
of providing a force equal to A,f,. III addition to provi,ling till' T<.'(juin'll IUlillUllt ur
reinforcement at the proper location, it is 1IIsa nec('SSary to l'IlSllf(! that assUIll('(1 rurr.l~
can he developeC in the reinforcement whcli rl·llllirl'li. For nalllplc. tlte t"lls;on lit· ill
Figure 3.5 (a) provides a reaction to one face of the nodal zonr 1I.Ild th'l rdllrlJrC'~l1ll:11l
must h1lve sufficient anchorage behind the nodal zone to Ill'\'dllP this (Clrrc Il.' SIIOWIi
ill figure .1.5 (11).
If the tC'osion tie represents the total force carril-d by all uncrackl~ tcnsiull slr,·ss
field, then the tic is located al the centroid of the stress field. Schlair.1I l·t.1. 130]
(a'
(o)
(,)
Figure 3..4: Typicil D-rrgions 148\.
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Figure 3.5: Tension tie and reinfora:rnent ''181.
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~ll~.~t~ ,llxl Illltil rurth('r tNeXf<:1J i~ availahll'.lIu.' t('II~i1e slre'llgth or tllC' c:onCll'll'
sh"lIl!l emly he IIsp!l tet maililailll.''I,lililiriHIll when' no Ilrogrcsshe railure is pxp("(led.
TIIl'Y SlIg.g'",1 ~illlplc' H~'onllllClldation~ COfJc('rJling :stft'''S fl'distribution Mill t hI' ~ill'
.,r tIl" fT;H'h~1 railllff' 1.011(.' rdative to the area or the sUffollruling COIlCTe!r.
3,2.3 Compressive Stress Fields
III l, ~tnlt·llllil·lir modrl. comprcssi\'r stress fields are u~ed to model the way in which
IIJI' fVlllrHC,.~~i\'p .qtrc~M'!> arc> carri("r] in th(' ronrr""le. The thtl't." basic compr~lil'l'
~I n",s lie'l,b arl' till' ~lrut or paralll.·! strt'll!> field. Figure:l.6 (a I. th" bottle ~tf('SS fiele!,
Figurc' :l.'i [a).nlld Ihera-n. Figurrs :l.S-:I.II.
3.2,3,1 Struts or Paral1el Stress Field
"I'll!' ~1"'lt, ilS ~!'C'1l iu Figure 3.6 (a). represents a region or ('oller"le of width. U', and
I !ti,·ktl.,s,... I a.'lSHfl1l'!llll or !itrl'S~ed llnill~iil.lJy loa 5t re~~ equal In lh{' t'fT('('tj\"(' rOUCH'le
strc,tl~th. Ie/max or I",. The maximum compressive prillcipal Sltt"ss, ttl is asslIlIIl'(l
ttl hl'equal to fcr' and tile minimum rompressi\'(' prindpal stresstT, is assumeJ to Lp
"-t'ro, If tIll' ~trut i~ ~lr('Ssed to I.. and Cit ;s the romprC'Ssive force per ullit th;ckll~s.
tlll'll tilt.' willLh of thl'strut is II'~ = C/ftfcc)' This slrl.':!ls field is largely hypothetical
l\;U(l' in thl' actual structure, the stresses will geuera][r spread out creating lransl'erse
tt'llsilc st.n'SM'S. Il is, however, simple to apply as shown in Figure 3.6 (b).
This figllrl' shows a possible strut·and-tie model of a deep beam subjected to a
('otl{l'nlrntrtlload. This model is a simple truss with the struts carrying the compres-
sive forel' CI and the tie providing the tension T. The shear, P12, is carried by the
vl'rtiml t:umponcnt of the compr(."ssiolJ strut. The stress of the struts is assumed to
he J..•. Earh strut must hav(' a vertical component T. The reaction P12, strut force
(,I
('I
Figure 3.6; Strulor parallel slress fields and application [<\81.
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Figure 3.1: Bottle-shaped slress field and applit:ation {48J.
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Figure 3.8: Centered ran (48).
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Figun.' 3.9: Application or centered ran stress field to spreading or a rorce [48).
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Figure 3.10: S~rut·and·tic model for cenlered fan slrcss field [48\.
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Figure 3.11: Parabolic decentered fau and application [48J.
C. and lie force T rtlU~l In' ("OIlCllrrClll I'll till' nudl'..I.
For equilibrium. tilt' lIodal ZOllt' al .. \ 1ll11~1 havr principal Stl'l'SSt'S tTl = tT! = I,.,.
:\odal zones arc sOlllt'time<; referred to as ·llydro.~latk' uorlal ZU11t·§ altllllll~h this
would imply that (11 = (12 = (13 = I,c. aud ill 11I0st prohk·Il1§. plaut' sln'ss ,'ollllitillllS
are l\S51l111M ((13 = 0).
3.2.3.2 Bottle-Shaped Streu Fields
The bOllle-shalleu stress field in Figurr :1.1 (a) atlrmpts 10 aC('Olllll for II", Iransl"l'rs,'
tensile .,tress which develops wltt'n a load sprt'a".~ IJlItwarri frolll a withll WI III H
width U'2. The stress field has thickness I ami length P. The lUild is asstllllt',llo 1,,'
applied uniformly over the area WI x t. TIlt' length (llll'itSllTl'S lIlt' Il'ugt]] 01','1" whit'll
the compressive stress lrajN:tories spread out c\llll then hecomes para!!t·1 it~aill. Tlw
length (is gem'rally related to W2' This tYPl' of hdlavill1Jr ("an lor 111U<!t'llt'll willi till'
simplr strut-and-tie moul'l shown sllperimpost'd orr IIIl' sl.ress fir·ld.
Schlf\ich et a1. [30] give values for thl' 1",\1] which call1Jl' safl'l .... carri''IllJy llris sl fl'SS
field for uncracked plain concrete and for reinforced concrete. For plain cUlU'r.·tr" tilt'
values are based on an clastic analysis C"Ol1sirll'ring limils on cracking (a, < I"/I.~)
and on crushing of the concrete. For reinforced concrete regions, the limitill~ V1l.llll·S
are based on yielding of the transverse reinforcement ill th~ tie T. an,1 011 crnslrinp;
of the concrete in the neck region. This analysis was accompli.~hed using tIll) da.~si.·
bottle-shaped strut-and-tie model shown in Figure :1.7 (a).
Figure 3.7 (b) shows an application of this slrut-and-tie-modcl rCIllCgl1utillP; tlll~
spread of prestressing force P, when applied to a reinforced concrele end IJlor.k and
lite resulting transverse tensile stresses. Typically, reinrorcemcnt is necessary ltl r.arry
the 'bursting' stresses in this region.
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3.2.3.3 Centered Fans
:\ !"PlIl,'r(',] fan slress field is SIIOWII ill Figure ;'l.8 (h). The sllrfacp AB and DE haw
rUrislanl radii of eurvall'r<' rl) and r, rcspeelivdy. The principal slress along AB is
1;"0, dirl'rtl~11 radially outwards. Equilibrium ofa wedge-shaped segment dO along any
,,r till' radial fan lines r{'(lllires lhal the principal stress along DE be given by:
(3.1)
'1'111' principal str{'s.~ Ilerpendirular to a rallial fan line is sel C(llIal to zero. This stress
fit·ld was Ilcvelope(j to dl'scrihl' tIll' Iransverse Il'nsile strl'sr,{'s whieh develop clu{' 10
tIll' sptl'll(lillg of forres (Thllrlimann I't 11.1..1:12]).
:\ Illodcl which illllslr1ltI'S a c<,utctl'd fan is shown ill Figure' ;'l,9. The force Ho is
slIrh that the stress ill tlll' strut below :l B is Ie< and the nOllal zone A B is stressN!
Iliaxially to In' The strC'Ss along DE is gi\'en by Equation 3.1 as
n,:!)
Th" nodal zone DE is stressed biaxially to u. The force T represents the transverse
If'l1sion tl'quirt'd as the force ~ spreads from width WI to width U?
The magnitude of force T may be determined from geometry and equilibrium, If
Ihl' spreading angle is 00 , th~lJ
w,
ro =2sin(Jo
and the height iiI) of the node AB is gi\'l"n by
ho =ro(1 - cos(Jo) = 2s~~(Jo (I - cos 00 )
From horizontal equilibrium along a vertical section through the centerline,
T = hlu = holler
(3.3)
(3.4)
(3.')
If ho is su~titllted from Equalion 3..1, I!tMl
T =' WI'!", (I - c"O!IOol
2 siuDo
and finally,
T:::::~lall~
j:l.lil
p.i)
Th~ sam(' result may be obtl\ined u~ing thl' :4lrut-I\Il.I-li,' 111U'!.'1 ~lllJwn in Figllr.' :1.111.
The resull suggests that rcinforcemf'nl capahll' of TlosiSlillg 7' gi\'l'll hy l~lllatillll :1.7
should be provided for spreading force ~itllatiolls ~llrh M! this.
Thurlimanll, et 11.1. [321 Tl'C'ommclldcd Lhat f....r most appli"l,l,itlils llll' spn'illlill~
angle 00 may be taken to be 45°. Thus, 00{'1 ::::: 22.5· and T =0.'11 /lo. If tIll' slrul-
allll-li(' model shown with till' bottle-shllped 'Ire5' firld in FigllT(' :1.7 is us,.d a similnr
result is obtained. T ::::: O.2.5Ho. Schlaich, et 11.1. 130! rc..'ColllmC'lltl that lll<' sl'n'arlill~
angle b(' taken as 2:1.
Thurlimann. et 11.1. (321 recommend further thl\t till' n'<lllirt...1 rdllfuU'I'lIll'ut I",
distributed Itt·l. ill the first half of tIle spwllding 7.0Ut· all</ 'ltU. ill till' h'l' IllIlf. Fllr
bottle-shaped stress fields. it is frolmmellded that the rl'infur«ll1cul he dislri],uli..l
o~r the lower O.8l in Figure 3.7 (a).
3.2.3.4 Decentered Fans
If the radius of curvature of the nodal surface varies, the fan is c:al1t...1 a dCf'Cutctllll
fan. Thurlimann. et al.. (521. In Figure 3.11 (a), line AD rcprl'stmts the luclls of till'
radii to points aloug the nodal surface AB and along the top surface Of.:, h ralllw
8hown that if the principal stresses, O'l and 0'1. along DE arc constant,lhen tim rarlii
must vary in such a way that DE and AB arc parabolu. If the principal strc~:«:~
in the nodal zone are equal (0'1 ::::: 0'1). then the fan lines will he pcrpenJir.ular til
the surface AB. As in the case of the centered fan, 0'1 will vary along each fll.ll Ii lie
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witll rit/lial position iu lllf! 1I1arltl"r gin'n hy ~:fllJillion .3,2, and the value or 112 is zero
l'NI,clIdif'ular to f'adl r1'l1l linl.'. B/'f'1'I1Is(' th(' line DE is 1101 peq)('ndi<'lllar 10 the ran
lillI'S, there IIlIIS! Ilr! both a normal stn·s.~ allfl a shear str('s~ on the top sllrrace or lilt'
fall.
This str...s.~ fid/l Oln lot' nSf'11 10 rnoll ...1 1'1 nnirormly loaded df'Cp beam as shown ill
Figutt, :1.1 I (h). TIll' Iwalll lias width b alld unirorm load p. Ir Ih(' nodal WIIC .-tBC
h~'l 0"1 = q1 := -fer tlll'll 0"2 = -pjb. For horizontal equilibrium, the height of the
lI(ula] zone,lC mw:t be equal to the height of thl' nodal zorle EF.
3.2.4 Nodal Regions
TIll' wgions wlll're compressive struts and lension tics meet are called nodal zones.
Thl' nudal zone is au illealized representation of the way in which the compressive
Nudal zones llIay hI' cla.~sified arcording to the t,vpe amJ number of forces which
inl.Nscct tlll're. Whell three forces meet. equilibrium re/luires that the forces bl'
rUllcmrent. WILt'll three compressive forces meet. the nodal zone is called a ecc
nudal ZOIl<' as shown in Figure :1.12 (a). Typically. the magnitude of the stress in
('ach in cadi or the struts is taken to be equal to ie•. This means that the line of
action of each force ..... ill be perpendicular to one side of the nodal zone and that the
widths of the sides are in the same proportion as the magnitudes of the forces. The
stale of stress of the nodal zone will be 0"1 = 0"1 = -let. The force triangle will be
similar to the triangle ABC of the nodal zone. The nodal zone. ABC of Figure 3.12
(b), is an example of a triangular eec nodal zone with equal stresses. The load P
is applied through a bearing plate of width greater than or equal to the width AS
such that the stress along AB is - feo. Similarly, the widths or the struts are such
that the principal stresses along AC and BC arc also -let.
(,)
'"
(b(
Figure 3.12: Triangular lhtee-compres,ive (orres nudal ZOHtllot>.ll·
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:\ ('(.or..' 11",1111 znrl" witl, nln'l,d sllffarl's is shvlI'll ill Fig1Jrt~ :\.1:1 (a), :\n appli-
n,LiIJn of this nudal ZUllI' is fWlllfl ill th" unifofmly Illadl',1 dl'Cp bl'fllTl ill Figllfl' :\.1:1
(I,). III lilis llodalzolJl', tll<' llfiru:ipal strrssl'S arc O'l =-q/b and 0'1 =-f" wher<' q
i.~ ll'l' ;Ipplif'll load ilnd b is the with h of the Ill'anl. Principal stresses along ..lC' and
!I(.' \'i1ry arcor,ling to the g(,(:ulll'try of til(" fall. [t is S('cn that the fan lines ar" nol
l"'rJw1ll1irlllar to til{' lIudal sllrfil({'. Ry cOllsidl'rillg horizontal equilibrium. it can bl'
shuwll Lhat lIll' wid til of th.. nodal Wile at C IIlIlSt be ('qual to the height of the nodal
ZIJlII'illIJV
III a ('CT nodal 7.ulI(', two rOlllpressin' forces lTll'e1 11 tellsion tic, A leT 1I0dai
Wilt' Ill;''''' 1)1' Lriangular as shown ill Figllrf' 3.14 (a) or il may haw curved surfaces.
Sl~' FigHrt' :1.1,1 (II). If lll(' slress['s in tlil' struts arc ('qual to Ir<' thl'11 till' nodal zon('
IHIS "'I =(7, = - I<c. The linl' of fiction of earh forn' alld each fan line is perpendicular
I"~ 11,1' .~nrface of til(' Iludal 2(111l',
('( T zorws arl' IIf"'ll idl'alized as having an anchor plate which allows the tie 10
,1"\'t,I"J1lJlltsilll' 1111' 1I",lal wile so that lilt' 1I0dai ZUllI' hdla\'{'S like a CCC nodal
Will' througll which a t"II~ioll tie pas~('s, It i~ becausc of this strain discontinuity
'hat L11(' rccomnll'ltued drl'('tivl' concrete strellgth for CCT nodes is often reduced
(Srhlairh, cl al. [30J; CAr\3 A23.:l-~184 {.'i31l. The nodal zone DEF in Figure 3.12
(h) and in figure 3.13 (h) is a typical example of a CCT node, Typically, anchor
platt's are IIot ust'd, and tht' reinforcement represented by the tension tie must develop
hy hund anchurage and/or hook anchorage. The force ill a reinforcing bar is trans-
fctrt'l! to surrounding CouCfcte by compressive stresses. It is because these stresses
challgl' direction that transverse tensile splitting stresses develop. In regions where
thl'sl' trausvcrst' stresses are limited or prevented, straight bar anchorage or bond is
t'lihancl'd. III a CeT region at a support, for example, the reactive force and the
strut act to prt'\'I't1t the formation of Ihe transverse tensile stresses thereby impro\'-
t
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Figure 3.1:1: CurvC'f! three cIJIllllrcssiVf' fort'f' !Iuth,l Z"IIl' [411·1
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Figuft, :J,I·I: ('olllpr~siOll.COlllptl'ssion. tension force nodal zone [48\.
IS
;ug thl' t",wl. II"wl'n'r. ,lIlllii,I.· rl,,' n'~i'"1 "f IIll' j"iul. liullkit'nt all"lll'rl'~" 'lIn~1 I...
pro\·i,ll·d fllr tl ... fmn' n'l11ai1lill~ ill lilt' I'ar. Ikf"r'-l' ('('T mult· nil, ht'fumplt'''',I,
tIlt' al1dltlTilI;C"f ,h,· "'lllihill tit' mlllit I,,· I·"II~i,lt'n',I.
Orlwr Ihr('f'·f,lr'·,' uo/Illl 7."IIt'~ an' till' ('"1''1' lIlIIl '("IT 11".1.,1 Wilt'S, :\ ',\'pira! (TT
1;"1<1111(,(". ali;n lhl' rali"uflll'amli with ~ht·.. r !"t·i,lf,'r...·,IIt'lit.
3.3 General Modelling Procedures
If lIlt' :-lrur' IIr<, roll~is'" uf a ;,illl~11' V-rl',l;iuli. IIll' slml·all.I-li,· f..n·,'S lUI' ,1"'I'rlllir,,~1
/Iirt'<"t!y frotll ,Ill' applil't:l Illarl~ aliI I slalkall.\· .1,·lt'rllli1l1l1l· r,·;wliullli. In unl"r I"
II,·\·clop Illl' lit rlll-lInd-l;t· Illu,lt'l f"r slt"rtUrt'" wl.i. It atl' lill,' inilly ;lItld"rlll;n;,1L' "r
arc composl"d of 0- 111111 l1-ft'giulls. tilt' n-; ...Ii"llli tilliS' I", ,!,·tl'rll1ill"'! 10.\- slrllt"lllr;,t
""l1lysi,~. Gl'!ll"rlllly,lI lhlt'ilr .'lnst;" ;J1I;11~'si.~ i.~ sll;l1tltlp i1lth,,"~11 ill ,'xln'lll<' n,sps
\\'!ll'rl' Ih(' st rnrlun' is ht'lI\'il~' ,·r;lrk..,J a'I'[ (, ,rnlin~ pl;I.~1 ir hillc;t'S, i, Illtlllilll'llr ;,n;,I~'si~
wOIIld hl' mort' ac("l'ptal.ll·, SlIAA''lili"us r,·~ar.!itl~ lIlt· s'rt!,·tural aualysi" r"t .Il"
ultimate and ~1·t\'iC1.'abilily limit stall'S an' Ki\ ·" loy Srl.lait-II. I'l III, PIlJ.
An dMtic anal.'·~i~ has llll' advalltagl' fir I ing simp'" all' I r.·lt,lily a\·ailal,I.·. 1111,1
it is 5uitahlc for dll.'Ckin~ Sl'f\-icl'ahility. Thl' l'la.~lir aUlllpib reml.1 Ill' 1\lIY ..r tI...
slandard ll"Chniqucs although tilt' slr<"Ss .listr;lmtiun u"lllill,~1 rrutll a lim..,r I·!..."li..
finite-element analysis is ~ry useful \\'lIt'n II.·\"t'luJliug l!tl' slmt·aml-ti,· ""JlII·1.
In de\'c1oping tht' strut-and-tie model, it is Iif'lprlll til T('aliz(' lhl!.t mllst lI-r",~i"lIs
can be designed using the truss model (eER-FIP ~1(Jrld Corl~ 1M]) ur truss 1I1t,d,·1
based on the compression field theory (CA~:I 1\2:1.:1-11.11'1·1 [.;:1]). Tlw r'~sllits or tlris
provide the internal rQrCCS al the junctions will. allY lldjlltN't f)-r,·~i,,"s. 011';" II,,·
forces at the boundary or the D-region are known, it ;s [Iussihlc to ,1t:w'II}J1111f' l"lUl
path ..... ithin the ft>gion. The majorit}· or D-regiuns cfllltaill a very r1r.iIt [oa,ll,;"tl. 1I111!
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Strurlurr's :m' g('lIN1Illy illsf'nsili\'" I" s1l1:111 de\"iati/!Ils ill thl' position of the rein-
f"rn'lIl"lIl. 1In,1 10 SOlJ1t' f,xt('UI. will rarry the load in a man11t'T consistent with how
tlll'y 1ITl' winforccU. It lias ht'{'11 suggested that the strut-and-tie modrl with the least
\'''\UII1<' 1111<1 ~h{jrh'sl 1"ll~tIJ or ti,'>' is d,'siT<>d. Sehlaieh and \reischeide (31]. Schlaieh.
d ;,1. I:W!. TIJis 1ISSll1JWS thai tIlt' loads lrr to follow a load path which minimizl's
rur... ·S :Jtld ,1,·fnrtt1atiolls Mtrl sin,·(' the tiCli arc much man' deformable than t!J(' ron·
'1',·10' "truts whidr 1111\'(' mlldl largN \'olumc and lower strains. the model with the
],';0,,1 "",I "!rorl!.',,t li,'s morc d ....s-·ly mo<lels the actual bf'111IviOllr.
It !t1lS lwt'll SllggcSIf'ti 'hat tlJl' struts and ties should ue orientt><l following the
"I:,~l i,' ~tTt"'S I rllj,'rl"rit"'. Schlaiell ct ;,1. [:lOl. This s!rou!<1 limit the amount of rc-
oIi~lrilllJtilill Tl"/uir"d af"'r rracking. TIley state that this approach will IHoI'i,I,' a
""llSt'T\'1Ilil"l' nltimat" strellgth ,If'sign. and Ihl'y recognize the pOlenlial benefit in be-
ill~ "ll),· lu ll~(' til" ~:tlI1t' dastir analysis ror $t'T\'ic('ahility ,l.('sign. If thl' elastic Slrl'5S
"i~lril'll,iUIi j,. "ut kll(>WIl.tlll'lI lIlt' strIJl-alid-lie model can I/{' IJlIs('<1 on:11I ""timatl'
..r tIlt' I"a,l path.
III all cas('s, it is important to consider tlte ductility or the model. It is necessary
ttl l'lIsuTl'lhat th(' rotation capacity or the structure is not excreded at any location
lufort' tire assumed state or stress exists in the remainder of tile structure. In highly
~tr"ss,'d regions, this should be fulfilled if thl' struts and tics are oriented with the
"Ia~tir strl'SS trajectories and tilt" internal forces were determined from an elastic
allillysis since these rorces were maximum prior to redistribution. In regions that are
rdaliwly low stressed. the struts and ties may deviate considerably from the elasti<::
~lrt'ss distribution allowing the reinrorcement to be arranged according to practical
t"tJllsideratiolls. Such is the case in a typical B.region .....here stirrups are provided
urthogonally to the principal reinforcement rather than along the principal tensile
....Il
slrt'ss trajcetorit'S.
In 50'"(' casl'S. it may bt'II('('('li~rr10 l'st' a Il.l\lliu.,u li,ti",.,I.'1'I',,,1 "1I..1~·sis. Tllis
call be difficult for d<'Sign sinet' 111l' t't'inforrt'lllt'nt nntllwrhal':< "\"'11 Ill<' F;.·...uwlry .ar.·
not kllown at tht'start. For these spt'Cial raM'S. tht' r""OIOIm,',ul.',1 h...hni'lll'· is I"
first liS(' an daslir finite t'!('\llt'Ut allitly~is to .1.,\"('1,,1' a "I f111·.I111I·.ip 11)0111.,1 t,) pnl\'i,l,'
a eh('("k of the 8t'ornelry and Ilfl/portiolt:> Ih,' cc'infurrt'lll"ttl fur I,llilliatt' ''In'll~tll.
TlwlI. if dt'Sircd. a nonlill"/H linilt· t'l"lI1rlllllllnlysis ratt 1.(, "",~It" .l",,·k lilt' nU111'],'t,',1
desi&l1. It is rerommended in a.1I caSl'S that it strut-a.ml·lit' mud.-1 h,' 1I~~1 I" n'rifr till'
results or a nonlincil.r fillit!' t"1('mcnt analysis. Tht" grt'ah'r tiM' ,I(~r<'" ••f i'tJI,ltisli,'aliolll
of the' strurtllrt' lh(' great!.'f the ll('('t'! for it simpl.. ,I('lligll rlll"'k.
3.4 Canadian Code Requirements
Tllis SO .... tWJII SlI!nmarill'li till' slrlll·il.lld-li(! mood apJlroach for tht" design of disturl.rd
lJ·rC1~itJlI.~. Tilt' pru\'i.'liul1.'1 u( tile' Canadian (onefeu.' ('Otic. C..\:\:'I A2:J.:J..:\184 [·;:11.
II""" 111'("11 1IS("l1. TIlt' Canadian (oll.~ liSt.'!<i Inad (aclor.'! of 1.2.'j and 1.50 for dead
I."ul allli li\,(, Iliad. r~pCl':ti\"d~'. ~Ii\lt'rial Tl"l'islll.llCI' factors of o~ =0.6 for concrett'.
').• == lUIS for rt'infuTcing bars and op = 0.90 for prt'SITessing tcndons are used.
III ,jl'Signing a r1islnrhrd region. tilt' first .'Iu·p is to visualize the flow of forces in
lht· rt'gioll i1llrlIOt:ll.lc 111('110(1111 lOIICS. The nodal zonrs must he made large enough to
\'IlS11ff' that the .'Ilrt'ssl'5 satisfy till' cod<' limits. TIlt' Canadian code (rquires tlla! tIlt'
nlllrr('[l' rornprt'!i~i\'('slrl'Ssl'S ill .lir llodal7.0nl" do not ('scred O.S.)o~f~ ill nodal ZOIlt'S
I,OIlIl.II'(! by (UlUllrf'ssive struts. and O. ;,",00/: ill 11udal zon<.'S anchoring ont' It'llsion
'il'. allli O.6o~J: in 110,lallon('5 <Ul(horillg 1t'II~ion til!'! in mort' Ihall one dirKlioll. rcrt'r
,,, Fill;llre :J.l~.
'I'll.· III'S' ~t('11 is Ilw i.I...,lizotlioli of ,h"lf"!,:!, mo.I<'I g:COnlelry. The nodH of the
Irlls.'" are 1000alt'tllll I I", points of inlersection 0(t1le (orct's rnming at Ihe nodal zones.
Till' forces ill the tfUSS model are determined by statics.
Art.... determining tllC' forces in the trun members froll1 statics. the required area
"f tl'nsion tif;' rt'inforcClI\cnt is chosen. The tension tiC' reinforcC'fllent must be anchored
so tlt"t it call trilnsft" tht' rt'quired tension 10 the- nodal lone or the truss. Additionally,
Ihl' Il'llsiol1 lie reillforttfnent must be distributed o\'er an cfft"Cth'e concrete area equal
10 lhl' tl'11S;OIl tic forcl' divided by Ihe nodal zone stress limit. see Figt·.(' 3.15 again.
The concrete cOlllprl'ssive stress, fa. in the struts must not exceed the crushing
Slfl'ngth of crll.ckl'd concrete, Jd max, which is givt'n by:
(3.8)
Till' maximum compressh'l' slress the strut can carry decrt'ase5 as the principal tensile
(al Flow 01 lorces
r-------,'~=,,__ I truss node)'1=-=-3\_j;ii~i
lension lic
lorce
(cl Truss model
lb) End view
SHU!
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Figure 3.15: Strut-and-lie truss model for a dl..'Cp !warn.
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~tfilill 'I iIlCrr'1tSl·S. '1'111' prill ..il'~llt·usiJl' straill (I is (ll'tt'rmillPll from str.. in rompat·
il,ilily ill t"lI;iuns ..... 11l'f1· 11 tensioll lit· ,'ross"s a compressin' strut. FrollJ ~Il)hr's eirel,-
fOfr stn.ill. if (r is rI:plllrt·d by the slraill '. in the tension til'. if 0 i~ Tl'plac(·t! hy thl." all·
1:,1.. n, Iwlw,"'u the lensiol) lipan,l the strHt. and ifit is aS~lImed that thl' compr('ssi\'l'
~tl'aill in tIll' strlll is 0.002. tllen
'r = t, + ('t~I~~~2
'I'll<' slraill in till' lC'I1SiOlI til' m..y he assunll'd to 1)[' lylE,. TIl(" hasis of lhis .. pprCJac!l
is frullI wurk rarri,"] uut ill Canada by \'l'cchio and ('ollins [.50] and ('ollins alld
~litdll'lI P;I). Tilis work found tll .. t til!' principal comprcssi\'c coucretl' stress. f~2' is
llut ulIly " rllnrljull ()f Ih(' principill compr('ssi\'c slrilin. '2' hut al,ll ,l"pl'nds on tht,
I'rinl'il'lll tl'tlsill' slTllln. (I' As (I incrc....'·s. fd Ut'CT('asrs - au dJcel tllllt hilS bcclI
1"nllf~1 ",'''IIt'tel(' strilin sof1{'uing. M The cOlllprt'Ssi\'c slwss-strain relationship from
.8 = 0.8 + 0_~4(d<) $ 1.0.
'I'll" slrl'ss limit. 1,,2 max in Equation 3.8 can be derived by setting (~aud (1 t'quallo
n.OO:.!. OllCt· the compft'SSiolJ strut and tension ties are checked. the designer should
I'rn\lit!l' uniformly di~trihlll('dwell-anchored reinforcing bars in hoth the vertical and
hori:wlllal directions. These bars control cracking and improve ductility,
Chapter 4
Proposed Strut-and-Tie Model for Punch-
ing Shear of Concrete Slabs
4.1 Symmetric Punching Shear of Concrete Slabs
4.1.1 Introduction
Figure ·1.1 ShO\\'3 tilt' &"ut'rll[ pilucliing !ilwar IJdut\'ivur "r II IIniformly l"i"I<..1 slab
Slipportl'tl. by 1\ circular columll. Tlte applietl uniform Ivad ,'1\n 1M' tt'plan..J I,y lilt
cquh-alent point load. The illclinl"d sbC'ar Tu.rk wllid! ,1('n'l"p~ ftUIII till' tup surf,w.'
at an allslC'. O. and fOfming lltt· rritiral St'f'"liull is :0:11"\\"11. TllO't,,1' ht)"'f IIf ""slIl1Il
f<,inforc(,lIlt>tl1 which plays an ll11l>o(talll TolC' ill l!t(' slml·MIlI-lil' 1110<11'1 is ills" sl.. ,,,,,,,"
in this figure. Although it is known that n("xl/ral rcinforn'nll'lIt pJaYlii II part ill ,I,~
l('{mining the punching shear strength of a slab. most cmpirirAi IlrOCNIIlfe; ''1111 till'
current North American design codes neglect it (·lIlirel)'. In g('l1eral, tilt, illdil1t'll slwM
crack forms at a load level of 1("5$ than 70 perccnt of tllc ultinlah' punching luad !:I:lj.
These' crach form at the critiral $('('tiolJ and romplctdy surrollll.j the ruhllllll. Till'
slab at this level can be unloaded and reloaded withollt any .J(~crt·a.~c in llie III~illla'.l'
punching capacity, This compressive zone which elilelltis a distance of II -1/ fmlll llll!
top face of the slab will be termed as the crack-zune. Cracking ill tllis Will: is .I(!IJ'~II'
dent on the diagonal tensile strength of the cOllcrete. The $('(01111 ZOlIC whidl l!xlf!ll.ls
at an angle of ~ is made up of a compressive zone ellh:nding to the face of the <::"llIlIIll
-.j.')-
<II a Iwight uf y. This WIl" is 11"11('1'1' tIll' Ililimale PUUdlillg s!]('ilr caparity of tIll' .~lalJ
b ~"Vl'rlit'd. Pll11d,illg (If tilt, slab occurs whcu tlll~ COIl<'H'tl' in this zone fails I,y a
lrigh c(Jllcrdf~ rlHlljlrl'ssioli stn'S.~. This sf'coud zorn: will be terml·d th(' ultima\<' fail-
lIn' lOll". Fllr "ormal strf'llglh COllen'lt'.the augll' of inclina1ion 0 has l'xpNimcntally
,ll'tt'rlllirll'd 10 IH' l)/'t\\"'I'1I ~fi ami ;10 dcgn't.'~ wht're<l.s for hiy;h strength (unrTl'I{' till'
OIugl<' \'iHi,'J' In:tWo"'f'II n and :I~ d,'grCft; itS dd,'rmine,1 through <'xpcri111('1I11I1 I('~tillg
hy Hussein /:191 al ~1r'morial Ulli\1.'r~ity of Newfoundland.
4,1.2 Stress Fields - Strut-and-Tie Model
FiAIJrl' .l.:! shows the str,'ss fields in tlw sIaL dut' to sYll1l11clrit:' punching shear. The
nark ZOll(' is made tlJI of it hoHI,'-sl,ap ...d cOlllpn:Sl;ioll fidd ill which the tellsih'
.~tn'n~lIl 'lthe ('(lUcrt'lI' perpendicular to this field controls cracking. The ullimate
fililurp lOUt' is it parallel shapl'd comprNisiolJ field. From thcs(' slress fields a refined
stru1-awl-lic l1l(H)el is dcwlopl'd "'s illdkatcu in Figure ·1.a.
TIlll ul1'11l1att· failure wile is thl' important zOlle re!ali\'e to ultimate ]lUll ching
slwar capacity. Punching will occur in this region due lo high radial stress leading to
., rompr('ssiw failure in th<'concrcte.
Thl' ZOl1l'S in thcs(' figures arc shown in lwo-dimellsiolllll {or simplicity. hOll'e\'er.
they are actnally thrce·dimensional ~cone shaped M fields located around the perimeter
of tIle Coltl11111.
4.1.3 Shear Cracking - The Crack Zone
A refilled slrut-and-tie model can be developed in lhe upper zone of the proposed
mOll<'1 (Figur(' of.3). Two compression slruls radiate al dispersion angles of approx-
imi\tdy 2:1 (a.~ proposed by Schlaich et al. !30]) {rom the angle of inclination, O.
UNIFORr.t LOAD
·ULTIM~TE
rAiLURE ZONE"
F'igure 4.1: Punching shear behaviour of concrete slab.
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Figure 4.2: Stress fields due to symmetric punching.
Figure 4.3: Refined strut·and·tie model for symll1etric punching Qf conc:rcLc sIal,.
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TIll' f:'lfnl'N.~!ii(m rlJrn:~ arC' Iwld t~l·th,·r D)' two j.It'tpendiruhu tensill' rOrCl'S in thl'
rUllf:rI·It". Crackill!; ""cllrs wl.C'n 111C' !'lrC'S5 in these trnsil(' zonC'S equllIs or l'xrml:< thC'
[l'flsil".dwllgtll uf the coucn'[('. fl' The tl'usilc strellglll of tbe COllCrl'tl' as ddC'rmillel!
l,y l'X1J1'rillH~lIlallf'~lilig wlIdllctl'tll,y :\\;mouk anti Chen [.191 at ~fl'lllorial t'ui\w.~itr
uf ;'I;l'wrllllltllhuul rail lll'lah'll as
f, =0.0.5/; high strength concrl'te
,m.1 using C/\NJ !\1:t3.~I~1 (531 rOf 1I0rl1lli strl'ngth concrt'tt'
(-1..1)
TIlt' Imlldliug sh"i\r nacks whidl develop 111 the crack form at a. load 1('\"(,'1 less tllan
t h., ultimat.c punching shear 10ild. The slab ff'mains stab)e and nlay be loaded and
rl'loi\lI(~1 after thl'~(' crarks form [~:II. Tilt" pUllching shear crack lOlld can he ('stab-
Iislwl! hy c'l'lating alld soh·jllg Ih,' inclined truss shown llml cOmpllrillg tlll'Iensioll
f"rt'c tuf, ofthc(,OIlCf('II'.
ftisllliSlIOK"llthc illdilll-d Icngth oftht-crac.k Zonl' is L. ushown in Figurc-l..3. and
lhal crilCkillg will occur fint in ti,t' lower tl'nsian lit- due to its Iov.·er ~rimetcr relation
wilh tIM- column. The contributing width to the lower til" can be tak~n as L/3 and th<'
Iu·rillll.'ter ofthecritical5('('tian with respect ta th~columnas:r ( B+ 2 (~:~1»)).
Thr nuking load can thl'l1 be approximaled fromgl'Ometry by the folJowingrqua.tioll.
when'
T=f'3· L ' 1f (B+2!.!."!J!!l)lanO 14.2)
(~l
y = dq)lh (If llt'xural rOlllllTt'sslon /.,lIlt· in ~la"
L = d-y
~
Yl =
LsinO
-:,-
B =: dial1lr\('t of (01110111,1,\ sql1aTI' mllll1lll"<ln Ill' n'I,la",,',1 ill tilt' "'lllilti\lll
by an ('qlliml(,llt circular r"IUlIlll with ilwsi'lnu' p.'rinwkT, Lt'., /I =: ,';;.\
The spreadsheet rompllll'r program ~p i.1~(,II.~ dl'I,,'lupcd IIr lIlt' <tIlLhur, il1r1I11I,'s
tIll' aho\"(' ('qualia1l, 51,'{' AplWlldi;.,: A,
Although ultimate 1)IIl1cl1\l\g shear railurcofthc shill i~ 1101 d"IH'udt'UI lin t.11l','r;",k
ZOtlC, this zone is imr)ortant ill that that pfl'H'UCI' {If rra.. killJ: iu tliis l"1U' i'flJ'lnd
this perip1wrr of the columll may he a warning sign Ihr ilPI'IiI"( loads an' 1lI"trill/.!;
the ultimatr plll1rhilig shear 11'\'('1. III mall.\' slnH'"tllr,,>, Sllt"h I'S lllf",""rl' sl nlt'lIII''S.
crack conlrol is fin import alii sl,tvin'ilhilitr limit Stiltl', TIll' Im'S"lIn' uf I'llllfl.in,l!;
sheflr ctfld~ ill t111'~(, applications iW'tu lw l,I'lJi"{',\ alld kllowl,',Ill;" of lIlt' qa,.killll.
meclmnism behaviour is required.
4.1.4 Punching Failure Mechanism - UltiInate Failure Zone
In nat plate concrete slabs, inclined sh'ar nMks IISIl~lJy r.:ltIJl1L[ a Iw,,] l.. v,·1 "f I"ss
than 70 percent of the ultimate load, These cTilrks (<In romilld,'ly "1Ir1UIIlI.1 tilt' ..,,1-
urnn. the slab is nt'vt'rthc!ess stable, and call he Illlloalh·d awl Tl'lo.ulr~1 w;tlilmt all,\!
decrease of the ultimate load [:13J. It is therefore evident tlta.l the uttill1<lt,~ f,lilufl'
mechanism is nol normally a pure ~shear failure" gO\'erned 1Iy tilt' dillJ;uul\l tNlsil,·
strength of the concrete. Punching shear failure occllrs Whl~ll till' ....Ullu"t(! ill rUIIl-
pression in a parallel stress field lIt'ar the column fails hy a high flvli<ll c'olllprl'Mi""
stress. Putt denoles the corresponding ultimate pllnclting sht'ltrcaparity (ail'ir"II",d,.
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auiSIlI. '1'111' hasis (If this ilppruach hns !,C'CII su(ce-ssflllly devduI'eJ by 111\' l"atiulJill
11Ml!'1 rJ,·wh!IH.·d 1Iy l\illlllllwn an.1 ;'\ylilll.lcr [1:1] il.lHl,\lId6i·s Iruss Illodel [2·lllIlod-
ili.~1 tf> ,'oll(1Irlll to l!ll' slrlll'and~ti,' ,I"sign fl'ljllir(,l1ll'llIS o( Ihr prt:':;"l1l ('atlil,liilll
,'f/lIfTI'I(' ru,II·. Tills ilpproarh is IISI'U as a hasis ill thl' proposrd strut-aml·tie n)Odd
I,,, ,Il'tprmilll' th ... ultill1ate pllllrhing ol,arit.\· of a slah tinder symmetric" loadillg.
4.1.'1.1 (figh Radial Compression Stress FAilure Mecl1il.llism
TIll' l'arl1l1,,1 Slrt'ss r"lr1pl't'~~il)n Z01l(' ill t.he \'irinity or a ('ircular column. is shown
in Figllr,· ·1..1. TIll' roll1lllll furn' Pull is lrans{,'rrl'r! to the- slah l"ia incline,1 radial
f"trl'S that 111111'1 pa:;.( undN the rool of the .-hear nack. Th(' indinal ion of t he crack
i.~ ;1)(.~llIlll~llo I,,· 1H'11l'C'C'ft 26 r1"gn'l'S arid :l:? dc'grC'C's for norUlal str('ugth C{)ljr!etC'
"11l11ll'twl~'1I32 and :1l5 fur high stn'lIgllr concrC'te- [:lfl). The crack is assulI1l'd lollavC'
IHllJln).!;i\h~1 dO\'I.·l! lolht, llrillral a;o.,:i5 ~t tlr-xurr ill tlie r~,lial tlirr(tion.
TIlt' ril1lial ('UI1Ij1tl'~SP" ,'Olll'rl'lt' strul i~ a~slll11erl to rorm an ilnagillary conical
sln·Il·~1 rill willI conslant thkkllt·~,.,. al Hll 'Iugll· inclillatiun t hat i~ ~. PlIlIching slrl'ilr
faihlrl' ill ils~llll1e(lluOCCllr whl'll till' 51t{'~s ill tIl(' cOllir~lshel'·~ltllt reaches till' \lIIUt'
or tlr,' crll~lril,g IIltl'Ugth of crackC'd roncrNl'./'1 milX. given by Equation 3.8.
Tilt, rdillftl slrut-and-tie model of Figure ·/..1 sho\\'s the cOlllplete rorc(' fields de-
\"1'1(1)1'(\ dlll,to symmetric plluchil1g. As per the l\inllUllen and Nylander model II:}]
al,,1 il."; l)('f a ratiollal model develojlt'd by ~larzollk and Husst'in (36), equilihrium
('llulli iom fall Ilt' lbdopetl in the verlical dirr(tion, horizontal direction, and due to
tilt' umllJelll t!('vclol'ed due to tire individual forces acting at tllcir respective distallces
rrl1l1lthl·'·o!UlllnraC....
TIlt, l'fillation lorrfluilibrilllll in tire vertical direction determines Pull. the ultimate
pUllfhing shear load. Since it;s this quantity which is of interest. the equaticlll ror
wrtical C'lluHibrilllll will be rxamined in gfntef detail.
PARALLEL SlRESS flELO
CONIDL SHELL
Figure 4.4: High radial compression stress failtlrc rncchauism.
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The ultimate punching load, Pull, can be determined from the maximum concrete
stress. lel max acting on the thickness of the conical shell-strut. This can be expressed
as lota] compression force. C. around periphery of the circular column equals the
bearing area of the conical shell-strut periphery multiplied by the maximum concrete
strength allowed in the strut.
e = Periphery bearing area x concrete strength, or
C = (perimeter of cone x thickness of strut face) x concrete strength.
where
perimeter of CODe = 11"( B + t::(}).
thickness of strut face = y:\:~2,
concrete stress = lel max as per Equation 3.8.
c - Pult. _ [-(8 2y YSinO/2]
- sinOf2 -" + tanO)~ f.2max·S.E.
Solving for Pull.
P I (8 2y ). y si.n 88/2 , r"max.S.E.. 8u t = 1'1" + tan 8 510 J, • sm 2" (4.3)
If a square column is present, it can be replaced in t.he equation by an equivalent
circular column with the same perimeter
The factor S.E. is introduced to account for size effects as recognized by Regan and
Sraestrup !33J and Srorns 121. Rather than take an empirical approach as performed
by the above authors, it was decided that size effects should reflect a rational ap-
proach. The concept of the characteristic length, ldo of concrete as based on fracture
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mechanics of concrete was selected as the rational approach [56]. Using results from
recent research conducted by Abdel-Razek [56J at Memorial University of Ne.....found-
land,
tch characteristic length of concrete, 500 for normal strength concrete, 250
for high strength concrete
slab thickness. mm
J: cylinder strength. ~tpa
The height of the parallel stress compression zone, y is determined based on the
position of the neutral axis in a reinforced concrete flexural member under elastic
conditions.
First. the critical section for flexure. b. is determined as per clause 13.3.3.3 of
CA:<3 A23.3·M84 [531
b~ B+3h. (4.4)
The depth of the rectangular compression block, a, can be determined by the
following equation
a = osA.f,
0.85Ccf:b
and the depth of the compression zone determined as
a
y=-{3,
where
{Jl is a coefficient that depends on the strength of the concrete J; and can
be found in clause 10.2.7 of the Canadian concrete code as
(3, = 0.85 - 0.008(/: - 30)
(4.5)
(46)
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A computer spreadsheet program was developed by the author to provide a quick
determination of the ultimate punching shear load for a slab based on this approach.
The source code and verification of this spreadsheet called wPl";";CW can be found in
Appendix A. Comparison of the ultimate punching shear capacity of a concrete slab
to experimental test results and the present Canadian concrete code equation can he
found in Section 5.2.
4.1.4.2 Failure Modes
The general relationship between the load and the deflection of a concrete slab is
illustrated in Figure 4.5.
Pure punching takes place when the flexural reinforcement ratio is very high and
the reinforcement does not reach its yield value at any point in the slab (Curve I).
Pure flexural failure (Curve 3) takes place in slabs with relatively low reinforce-
ment ratios leading to the yielding of all reinforcement before punching occurs. Even
in this case, however. sudden failure takes place when the ultimate concrete strain is
reached near the column. Curve 2 illustrates the intermediate case in which part of
the flexural reinforcement yields before punching occurs.
Figure 4.5: Failure modes.
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4.2 Nonsymmetric Punching Shear of Concrete Slabs
4.2.1 Introduction
Lateral loads, as well as unbalanced gravity loads. cause transfer of moments between
the slab system and supporting columns in slabs without beams along the column line:
the transfer of the moment from the slab to the column requires special consideration.
Xorlh American design codes spedfy that a portion• .\lfi . of the total unbalanced
moment, .\If , be considered as transferred to the columns by flexure; and the balance.
.\1f'" through shear and torsion. as given in Eqs. 4.7,4.. 4.9. and shown in Figure
4.6.
(4.7)
where
M J, ~ (I - 1J)MJ
1If=J3
(4.8)
(4.9)
.\lf l> =
·\If" =
,\If =
(I,e, =
portion of moment transferred by 8exure
portion of moment transferred by shear
total unbalanced moment transferred to columns
the size of equivalent rectangular column, measured in the direction
moments are being determined, and transverse to it, respectively.
For square and round columns, "'ff = 0.6. Based on test results and experience, the
width of slab considered effective in resisting the moment M fi is taken as the width
between lines a distance 1.5 h on either side of the column or column capital, and
hence, this strip should have adequate flexural reinforcement to resist this moment.
The section considered for moment transfer by eccentricity of shear stress is at a
distance dj2 from the periphery of the column or column capital. The shear stresses
Figure 4.6: Transfer of unbalanced moment.
- 68-
69-
are introduced because of the moment transfer must be added to the shear stresses
due to the \'ertical support reaction.
4.2.2 Strut-and-Tie Approach - Concrete Slabs
The strut-and-tie model developed earlier to model symmetric loading situations is
used in conjunction with an interaction equation to describe DODsymmetric punching
shear behaviour due to moment transfer. The interaction equation approach has been
used in the past by Siao [461 and Broms [2].
The proposed interaction equation is given by the following:
~+ Pte) < 1.0
Pull .\lul!- (LlO)
where
P applied shear force
Pull ultimate punching shear failure load as determined in section 4.1
e eccentricity of applied shear force
~Iult ultimate moment resistance of slab
moment resistance due to flexure, J/rb+ moment resistance due to
shear stress acting at the critical section . .\/rv.
where
A1..~ = moment resistance of slab due to flexure
M,. = (A' - A',)fy(d -~) + A',fy(d - <1')
M..v moment resistance of slab due to shear
M..v = ,,,' A10
= 1-(1+~ ~-1
,,, 3V(Crlljj
= 0.4 for a square column.
Mo=~·2.
0.5(c, +d) 1.
(4.11)
(4.11a)
(4.11b)
""/,,, J 1 • Cl and C:z are explained in Section 2.1.5 of this report and Vc = shear strength
(stress) of concrete.
ill
(·I.I:!)
The eccentricity e, ('(Ill b<.> dr.tefminl'(l by ,lividing ll](' a]lpli,'d 111lll1Wnl. h~' III., sllI'l,r
force. Comparison of this strut-ltlHl-tic and intl'ractjull l\P]lfVill"h tu "lil"'rillll'1I1,,11,'sl
resnlts pNformed by utl1l'rs and lhe prt'sf'ul Canadian (<lucr.'h' l'tul<' ,'iIll II., r"I1I1.1
ill Sl'clion 5.3. TIle cOlllputl-r program. HPljN(,II.~ inchul,'s lh., al",\"(' "'I'I"liuHS rur
llonsyrnmctric pUllching.
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4.3 Concrete Slabs With Shear Reinforcement
4.3.1 Introduction
SI)I';,r l"I'illfllrr"m,~nt call he placerl ill lile transwr;r dircrtioll ;11 II slah at till' rolul1In
illl.,·d",-" iI~ "hoWIJ ill Figufl' ,1.7. S('w-ral type~ of sh('ar reinforring can he !lsl·d. till'sr
irwlwh' (a) dowd ~tirrllp.s. (h) Jap!wd hairpins. (e) upel! stirrups witll elld hooks. (d)
J1ail-11C'Ild-lIIwhtlr'·" stirrups. and ((") lIea(/,·d stirrul's. ~('(' figure ·1.8.
TIll' tr,lIlS\',-rs(' rl·inforcl·nlCut nUlsl lw fully drvrlop("d at th(" bottom an.l at tIll'
t"l' ttl I", ,·!f.-'·live. TI,is is not an e/lsy task. especialty for thin slabs. It is c1.~ar that.
a"ilTl fmlll till' fluchuriLge Tt'(juirl·l11l'nt. a rl'asuuably dosl' sparing of the trillls\'('rsc
f('iufHr("ill& Ullils is nl'ct'ssary.
TraIlSH'rSl' f(';nforCernl'lll is cumlJl'rSOlJ1e to pla("e IInll.'ss it is suitably d('(ailr'!.
('an·flll planuing uf tIle reinfon'ing cag('s is Tl.'COnUlll'lld('d when using dosed ~lirrups.
H"ws "f s'irrul's ("IIU I", laid and plilluJ liS slab]" uniTs intu wllich Ille in·plaul' rt'iu-
fOT\"'I1H'lIt (';111 he fiUed lall.'r. Nailhead-auchored stirrups cau he inserted after having
I'lan,d Ill<' iU'I,lanl' rcinforeetlll'nl in 1I1e usual mallner, while the headed studs arc
lJ(JsitiOlll'd prior to placing the in-plane reinforcement,
III 1.11(' \'irinity of conn'ntrated loads of reartions, fan-shaped stress fields ran
<It'I'elop ill IIII' core of lll(.' stab, as slloll'/l in Figure 4, i. III such cases, the transverse
rl'iufurn:IIlL'lIt within a ring·shaped zone of widt:. d· 0 around the loaded area has to
rl'Si~t lll<' illt,'gral of lhl" transverse shear forces at the outer edge of the ring.
4.3.2 Shear Stud and T·Headed Reinforcement
III Illl' Pi\.~t. punching shear reinforcement .....as seldom used in c~ncrete slabs because
of H'llar cung,'stioll and becausc it was difficult to anchor these bars in the relatively
Figure 4.7: Punching shear reinforcement showing colllliression faus.
'°'0"0"'mm
Cdl lei
nllll
F'igure 4.8; Types of punching shear reinforcement.
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lhin ,l('plhs of llIOsl slahs, Figllrt' ·UI shows a rl,lali\'l'ly nl'\\" 'YI'I' "f I'IlW'hill~ ~lll'at
rcillforn'lIwnt - till' shear stll,l ur l-hl'(l,II~1 I'''r. II is lllil,II' lip 'If l'nli,.;.1 l'ar._ \\'illJ
anchor 11l'atls at llll' top. Oh{'ll it :<11'('1 :<trip hilr is pr<l\'il!(',l al lilt' ],011"111, Thi~
"',\'Sll'lll is sccufI,d in I'li'\l'I·IJ('forl' thl' lop illllllmltum !l'·.\"urHI lmrs ill'" J,I,"'p,I, tllll~
H',lucing Ihl' COIlRI'stioll problt'l11. Thl" pl1ll"in(( arrilup,"llIl'nts of Illl'w ,_Iud ,.:1 rips al
1In inll'rior "Ollllllil IO('Hliul) is ShOWl1 in Figllft, ,\,\0.
TIle elfect1wlless of this type of shear n'inflJrCP11ll'nl hi's 1""'11 wrilil'd b~' ,'xlo'lIsi\,(,
lc!iting alld cxpl'rillll'ntitliun [·10.11. 421 and i:< pl'nniU ...1 ill ~'Jl"111 AlllI'rin'lln,nnl'1"
4.3.3 Strut-and-Tie Model for Symmetric Loaded COllcrdc
Slabs With Punching Shear Reinforcement
1'11(' proposcd strul'antl-til' Illudel fur a COllnt'tI' sial, \\"illl 1'1lllrhillJ.\ :<h";H 11IlfOl.,1
consists of ,11'cl'llll.'rl'r! fan shaJwd compression slrlllS (,ri"nl(',1 at ;'IlJ.\lt-s () "" :!"'lo III Ii"'!"
[,\:J]. TI":I'{'fore. slll'ar ft,infurl'I,lt\{'lIt is l'!fl'din> fur i' '!;stillln' :.1,( fnun lJll' fan' "f 11l1'
column. The s!rear r{'inforrl'llll'llt hars art as \'('rlil'ill tl't1sitllllil'S ill tIll' 111".1.,1, 'l'Ir<'
top t('n~ion tie (n('xund reinforcing hars) cff{'divdy illlf'lllJr till' lll,rizulllal""lIll'''lwlIl
of the fan lied struts, :"iodal zout's arc dt'vdopl'fl at till' illlt'rSl'rliuli "f tIll' ,~trllt:< ;11111
ties.
The strut-and-tie modd is soh'e,.l by calculating P'7' tIlt' "llllivilll'llt fllr"" r<'slllti,,~
from the load 011 tile slalJ, The true strut-all/I· tit' mo,leI fur I.lli,~ silll;lthm f'.'I"l.f'rr.l.~
around the periphcry of the colullln in a lhrce-llillll'nsiollal C('IIl: sh;'I"'. Iluwl'\1'r, it is
proposed for simplicily to solve the strut-Hnd·lil' nlOdd itlll.l\\'(I"lilJll'l1.~ioJlal Jmlllll,'r,
therefore, P,q is based Oil a contributing width efrcclivl' tf! l~a("h f\.JW of JIlII1l'llill~ sllf'<,r
reinforcement.
The force, P.q , is dislrihuled Lo each compression fall. COllndf~ ,1,'si~1I I"fito~ria is
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Figure 4.9: Shear studs and arrangement around an interior column (adapted from [41]).
SPECIFIED
CLEAI'ICOVER
ATTOP'c t
I
SPECIFIEO
CLEAR COVER
AT aoTTOf,\ ,cb
0,
iti
Figure 4.10: Punching shear studs (adapled rrulll [<tOj).
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Figure 4.11: Strut-and-tie model for pUII(.hing shea.r with pundli/lg rcillforCCIlIt'lit.
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.-lwd...,1 ('H' 111f'_""'I"llwlll~ ilhmg will. 111l'1I0,II'S all'J lit':> l,a.""J UII :-1'-""1'1",1 rrlll'ria
"lId1 itS Ill" (',m"di"ll ,I,'sign .",11' nill'riH ,It'M''rih(',1 III sl'diuu ;1.-1. Pili\. tltl' Ilhit11i11l'
I,'wdling ~llf'ar falllJrr' J"".J "f III" ... Iill, s,I'.''''m riln h·: ,Idf'rmiul',l wh(,11 cithl'T Ollt'
of tI", II1l~i,' slflll-illl<1·ti,' t'II'lIlt'lIts (i.t, .. CUInPH'S~iOIl slrut fails. ll'nsioll IiI's IIr nudl'
,·I'·I)I"llls) TI'ilrlt failllrl' .'til,'ri". TIll' illIill,I'~b pron-..Jurr' .~n hI' simplifi"t1 h,\' taking
l"killllllg,' uf "hlll~" 11.·1.i.i tlf (':\:\:l :\:!:l,:l-:\IS·; P;lJ. This da'ISt' slales tlial ill
n'gil!lls "f'filll ~llaJll',r m1l1!,l'I"'~lqll ~I rlll~ the (unrTl'1l',II'~ignrrill'l'ia of claus" 11..I.i.:~
au,) 11.l.i..'i Illil,\' til' nlllsidl'TI',j ~ilti~rit·d if till' r.'lIuirt·lIl"lIh of clauS!' 11,-l.i,l\ (0) is
sal i~ti,'d. Tltt' I1I1 I l'r .-li(ll~" ~l ill,'~ 1h"l 1hl' ~'UIllWt'~sivt, ~I rf'SS Iimll ~ uf all n>ll1pou,'nl S
ill Ill" ~1r!lI-illl,J-li,' Ilt,,,I,,1 lin' ,;al i~Jil'r1 if 1)11' l,'nsi"n rl'iuforn'llu'lll (1"11 l1('xllrill Imr~)
i~ illldl"n"!'l\'t't;\ ~lllh"1"1I1 wi,llil Illal I Ill' tl'llsiUll foret' W"1I11~ ill it slrt'~s 1111111' I(,p
u"d .. "f I,,,,~ Ilrilll U.i:I/),..I:, n'f,'r 10 Figllrl' Lll. From thi~ h~si~. till' lop llud~1 'Wlll'
,'m\ I", dl('ck,·,] for hil!.h (,"1I1prl'~sil'<' ~lrI'S~. II It;,~ bl'ell do"\l11wnl ..d [-I.il frul1l tt'5t
r<'._lllls 111111 ullil11;,((' f;lilllH' IICnlTS 1I10S1 "fll'lI al Illl' Iioilolil 110,1.. luljaft'llt 10 Ill,'
lI",k "x"n',!illj!; 1"1 Illax Uc'l lllilX ill Ihis 5itualioll call he lakl'l1 as 0.$.;0,./,('). TIt('
d"l,tlr "ftlu' ll"dal ZOIl.'. y. rail be approximated (rom cl~stic Ilexur'(' tl1t'Ory as
0.,'\'" Fy
Y=O.$.j.6j:.b (-1.1.5)
:\~ pt'r tl\l' t''lllilihti111l1 rl'f!uirel11cnts of Section 3.2.3.-1 of this report, the height of the
[Ill' ll"dal l<llll' l11u~t t'([llal till' Iwight of the boltom nodal tone, Therefore, ultimilte
pUll ..hil1~ ~1U'llr fail1ltl' i~ (tJll~i,ll'rcd at tll(, boltom node and chcckpo al the top no,lt>.
"i,lluwillg tilt, ahol'~' ilJlI'TOadl, the strut-and-tit· model fOT punching Shf'ilr of a
nl1lrn'll' ~Iah with ]lullching ~lll'aT T('illforcem('nt was compat('d to If'lit Te~ults per-
fortHt'll alII I pllhli~ht'd hy otllt'rs. Tht' rt>sults and comparisons ftr(' showII in S(>clioll
;"'.,1,
Chapter 5
Comparison of Strut-and-Tie Model With
Test Results
5.1 Introduction
hy ot\IO:'rS ill past !il<'rat1Jft'.
5.2 Syuuuetric Punching Shear of COllcrete Siahs
Table .il and Figures ·j,l ..i.:l ..'J,:t :1.1, slllllllliHil.t':i till' [\'''1111" or III" "lrlll,·illlll·li,·
Illodel for symm('tric rundling ,·olllfJitfl·,1 ttl I'IlIJli~l,..,1 I.",t n'Sllhs ;11,,1 1111- l,rp""1\1
Canadian COl1nctc code, ('1\:'O~1 :\2:1.:3-:\18-j {.i:l!, eqilittiuli.
Two paramclers can be u~cd to cotllpare the strut-ltllll·t,i,' n'slllts I. .. lilt' CilllildiHII
code; concrete strength f: and T('inforring ratio. (I. TIll' slrut-and-li,' r"slllls MI'
approximately the same as Canadian rOtle· rr'Sults rot low 5t r/'1I1-\1 h rUlIl"WI..- It's,; 111;111
20 Mpa results. The strul-and-l i(' T('Slllts lliwe all average T;ltill or rUin ""u11",wd
to test results whl'reas the code' has 1\ vaIlif' uf 0.82. Fur lll/fIlml sl.fl'II~1.h "own'I.,'
between 20 and 40 ~fpa, the r('Sulls (or the ~trut·i1I1(J-tiem"d,,] 1m' i1gaiu /.;"Il"r:dly tIll'
same as the Canadian code results. In lJigh·~lr(,llgth cunrrl'\(~ appli"ati,ms, gn,;,j"r
-,'':fI-
11','11 ,W ~'I';" till' sl rlll·all"-1 it, fI'~II/1S (a\-"ritf.\" f,'li" "f J .IJ~J) itr~ ~i~lJifi.-allll.l· dtN'r
I" 1.111' 1.I'sl fl'Slllls lhilll till' I'IHI,' r<',~lIlls "n' (ill"'tit!!;,' rilli" of (Ui5j. Gl'm'rillly, IlIt'H'
Tl'Sllllsitfl'illap;ro't'!II('lIl wil!lIIH'(.,rt IlIitllh<'CilIllUliilll("O<!('islJitSf'r!onall t'mpifi'-;ll
"'I"ali"l1 ,!ifl'rlly n'lit1<',J lo '·"IIl"rt'lt' stn'llglh. alltl for illl intt'lIls and pUfposes. is
<lldy i1l'p!i"i1hll' fot '-011'-1'1.'1(' It",~ 111111l ·Ill ~IPil in SITl'llglh. TIll' sITllt-and-tit, lllod('1.
\1<>W,'\""t. i~ ;0 rittional mudd ha"'d ill I lI,t' aclll,,1 1'Iah-cu[nmn I,t'hal"iollf,
TIl" ,'lft'I·tl'( tht, amounl "f I"p tI".sllral sl(',·I. i.t' .. tilt' noillfofdng tal io. ,,. \I'iIIIIOW
1", ,'xamill('d, The (',Hludiau ..,)d,' t"lililti'lil ofClilu!'(' I r.ro,:.! orc.-\:\:I ..\23.:1-:\18·1[-';:11
lias II" jlwvisiull fur 1111" n'lllfor.. illg ralio, p, Th.' Sltlll-ilnd·tl" mood. 11001·!'n'r. is
alf",·b'd loy til<' t('infurril1g talio. fl...\s Iht' r,·il1fur.. ing ratio, f), of l!Jt:' lesl slahl'
illnt';ls.,. tilt' faHlln' mudt' !!oue, {rom a "dllrlil('M ',1"1'" failJm' to a Hsuo.ld(,H··-~Jlllr('
!,1IT1l'hilig" In''' ("illlft,. G"Ul'Tillty, f(Jr 1)1(' It"'si r('stllts wilh higJI Teinforct'Il1C'llt ralios.
/', lI,t' ,lTlll·ill1.)-lil' /'1";1111.' an' 1I111llls1 i,I.'ntirill to the I{'~l rt'sults Il'ilh all a\·rtage
rali" "f It.!I!lwlu'H'as rill' (',lllildiilll rOlJ" Tt'suh~ hill·t' illl ill'Nag., ratio ,·f 0.8·1.
Tilt· n·sull. ill SlllllmitfY, illdi"l,lt'IIHI! III<' slrul-alld·lit' mu,lel has .'xcl'll"1l1 r('sulls
for low, nortlwl. ilud high slr.'ugth COllrtetc and for luI\' and high reinforcing fatios.
TIlt' ('"urrt'1I1 Callil,liilu cod,' ('qlllllion olll~' has good t't'Slllts fOf nOfmill strength con-
<"Tl'to' wit.h lnw Tt'illfort·illg rillios. As il resull. lll(' strut-ana-tie mo.lel would hill'e
applications in the olr~hor.. wllt'te high slrt'nglh connel(' and high reinforcing ralios
lLro- ljllih' ("umlllon,
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5.3 Nonsymmetric Punching Shear of Concrete Slabs
'I ;11,11' .",,2 S\lIl1lllarizt'S I he n-,;u]ts of tIll' I'mpu.~(..1 intNaction ('(Iulltion approach dl'-
\'"I"]II'd rur lhi~ ~itlj;tlioll uf 1I00IsyIll1ll{'tri,' Illlltcbing s]wltr cornparN with publislrl'd
(f'st H'sllits loy <lllll'rs.
5,3.1 Test Results - Nonsymmetric Punching
TIl(' slrlll.·allll-tit' mo,],,1 in ronjullctlon with th!' intl'Taction equation approach yidrls
".'I'r"II<'1l1 TI'Slllts wll('11 COlllpllrl'U III tlil· te~1 \,alut's. TIl(' mal<\imllnl allowahle appli~11
IO'ld. I'. !la.s au av('ragt' valu(' of 0.9.'; wh('n compar('d to fiflt>Cn (I.'») Tt'portl.'u t{'~t
1~·Sl)1tS. T1H' strllt-all,l-ti{' alll'roarh Wlt.s. as pt'f ,hi' symll1t'tric IOildilig siluillioll,
n'llllmrablt, tu tf'sl. n-';Itlt~ U\"{'f rht, filII rilllgC' of concfC'tC'strengths and TC'iuforciq!; ra-
tios illtlicill('d. Th(' r"Olt1111ellls fOllnd in SI'("tion ·').2 apply to nonsYlI\l11ctric punching
sllf'ar appliratlulls. Th(' CaUlHliilll code (':\x:~:\:rJ.:I-~ls~I.,):JjdoC's not trt'illllonsym-
1111"1 rir jllllwliing sln'ar IIiT(mgh ,11l intl'raell01l (·lluation. :\s II r~llh. no nJml)ari~ulIs
I" till' Calladian rod£' whl'rt· ilpplifilble.
TIlt' Tt'slllts. ill .~ItHllnllry. indicate !hat the strut-anti-tiC' model in conj'lllcl;on
wilh tli(' intcTilctioll ('qua.tion rationally describes thC' punching behaviour of a slab
111\(it'r tit£' application of a load at an c<centricity. Excellent rC5ults are showl! for luw,
lIUTmal. and high strenglh concrete test slabs fOf ductile and non-ductile punching
sitlH\liolls.
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5.4 Punching Shear of Concrete Slabs With Punch-
ing Shear Reinforcenlent
TaM.· :,.:1 sllmmi\rizl'S the n.'filllh "f thl' prnl)()!ird strlll-aud·til' model (omparl'<! to
,'xl','riIlM'ntlll t,'!>t rC'!lllh~ P"rfurtllO'd h)'utlll·fl'. TI'St results u~-d wt>rl." fOTt'ilht'T ~h('lIr
slllib or T-hl'iltlC'f1 h<IT~ sinCl' l!t,':«' at'(' C'Ollll;,lcfCd to be tlJ(' only prarlicill shear
rt'illr"'rf'IlH'1l1 IYI'I'S to hI" 11.~"11 ill ,'OI1<'TI'te sJal) cunstruction.
5.4.1 Test Results - Punching Shear Reinforcement
Fur till' limikd tl·.~1 r('slIlts t'xllmill{'d tIl!' ultimale l'uncJling shelH 111;,,1 as rak1l1atC't1
1..\. Iht',,1 rill-awl-lic' IIlt"ll') sI1l1\\wlexCf'I!f'1I1 Tl'Sulll. wh"l1 comp;\rl·.r \u till' It';<1 r('suh~
'I'll<' (';01110<1;1111 ,'ode. C;\~:1 A2:l.:j-~18-11·'i3J d~ not pro\'idl' allY direct ml'''ll~ or
rakutill iug tIll' pUllrllillg "IWilr capilcily I){ a 5lalJ utiliting T-ht'adNl bars. Tilt' !itrlt!-
aTl,I·li,· apl'tlJilch dt"\"dopctl borrow!i {rom SOITl(' of 'ht' bll~i(' l'oncrele £",ilure criteria
{ur :-lrul·illltl-lit· 111011('15 allli in,licah's ('xcdI1111 rt'Slllt~ {or normal ilnrlltigh ~lrt"'llg,h
Iu :<Ullllllllry. tilt' strul·/Uld·tie mood {or punching ~h('ar bchil\·iour of slabs with
:<hl'ilr r('inforring is a. rationalmooel hased on ~;Ie actual slab-reinforcing ~ha\'iour. It
ill an elrecti\'t' alld practical "wans of analyzing slabs with punching shear reinforcing.
Ta~l~_~:i,.=-. S!r~.~::-_;:J..!I~~.Jj~,~odeJ: CompalJ§i.Qn wiiJ"Lf!Jqti~t).ed Test R,e;il,l.l-ts
I.-'Auth-ors-[ -~~~' -l~J:~}.-I- (;a)
L__.__ I
Shear
Reinforcing
Type _
Pull 1 P testt SI~{~t~C .J (kn) p""Plesl
!Jiangand i HS22 : "·oor--.450.--I.·.-lC.e.eHea.·dea-~·--. -576.---- -
IMarzouk~ HS~L__~__~_~sg: _TeeH~_a<!e2_ : u§.76
iVanderVoe MV2 -1 29.5) 331: Tee Headed
'Dilger and MV4 l' 31.3 1 344 LT.ee H.ea.ded
GHAU 45 MV5 __~.~ T_~~ H~'!<:l~~~_L
·560
594
~~2__
602'
;~~!
.Average':'-
605';'--
590i
Average:'
0.93,
1.01.
1.14 ;
1.03
0.9S
0.9~1
0.96
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Chapter 6
Conclusions
6.1 General
{'"m'nl 1"11l111juns ill ;'\'urlh :\Illl'riC"an l"urlt'l' iH(' l'lIIpiricaJly based aud sh<'tl wry
litll,- li).!,lll uti tILl' ;u'll1a]l1l1'chiluiSll, uf IJllllrhing l'IWllt brha\"iollT and failuT(', TIIt~,
p'llIali<ll'~ lla\'<.' 1>('l'11 ,1'·\l·IClp<'l:/ for ("<lIIrrt'le willI comprNsi\'1" sl rl'nglhs IJelw('('Jl 1·1··10
~lllll. Tlwy ,I.. lIullll1c'(lllatd), (OWT high strcngth r01Krt'lt' appliralions.
Slnll-allOt-ri.. 111011,,1:, pn'Sl'lIt it IlIlil;('I1. rOllsjslrlll. rational. and simplilil"tl. 1Il00,·1
rut tl ... 1".1LI1\,iUIIT of "onert'lt' dl..ll....uls. Till' phl'UUlllt'lla uf IIullching slll'ar I,cha\"jollr
"f nmr.-..lr ~lalJs uf \'lIriuus rumptl'Ssh't' Slft.'ngthl' cAn lie i\,lcquatt'ly modrllcd IIsillg
"trul·ltll<!·tit'modcl5.
Fur ~:-'llllllC'tric Iu.,,!ing situations. the pUllching shear bl!'haviour can be modelled
,,~illg a strul-and-tie llIudd. The ultimate punching slab capacity can be predicted
IIsinK ('Ii\.~tic theor.... ('(Iuations based on the classic I\innunell and Nylander plate
1111'ory ratiullal rno~II'1 [13) ilnd concrete failure criteria and is adjusted for size crfecls,
In lIollsYl111l1etric loading situations, the strut-and-tie model used to describe sym·
llll'lri, pUllching is llst'tl in conjullction with lUI interaction equation to model the
punching hdla\'iollr.
.'\ strnt-;md-tie mudel consisting of fan-shaped compression struts held in place by
tension til-'S l"l\1l be 115('(1 to c!('S[rihe the situation .....here rlUnching shear reinforcement
is pr('!i('nt. TIll' prupOSl-d ~tnll·illlll·ti,' lUtltlt'l" ftlr Pllllt"hil1Jl, ~I"'ilr ""IIII'ar,· 'illit,·
wdl with eXIH'ril1ll'lllallt'S( rt·"IlIt~. F,Jr symlll,'lri.. jllllldljll~. tilt' pr'lllt"...d '·'IIl;.'itll1
hiUi an awrage uf 0.92, \.06. 1.06. and O.!IH wllt'll ("ullIl'ilrt'd I" r,lIlr ~'p<lral,' "t'!" ..r
experiml'ntnll('sl n'slllts. Fur llunsYlll111l'lric Illlt1ching "Ii""f. tilt' prupus,·.1 <l1'l'r.,;,dl
has l\\,('rag"" uf O.Q:2. 0.!.!9. a\lt! 0.\19. illlli tUIU wlll'l1 ("Ol1lp;u,~1 tn (11m ""par;,lo' 11'''1
prosral1l~. FiliAlly. the strllt·and·ti"lIItltld fur r.,ncr('lt' "Iahs witl1 l'h,';,r ""iuf"rn'I1l'1l1
has lH'\'ragC5 or 1.0;1 and 0.96 wlll'lI rOlllpim..1 to t\\'o Sl'IHlr:llt· h'd 1'"."tIlIllS. Sillll'l,·
computeT programs can be ,!r\TluIK-d tu a~~isl lh(',INOigllt'r in IIll" ~'Il1t·.ill1'~ " ..liulls
a.nd relwliti\'e ril.lclllil.tiolL~ iu\'oln-d in t lIN(' st rut·lI.lIIl·ti,· IIltlll,·I". All ,·.~illltl,l""r Ilri"
is lhl" spn.'adsht't"t IHogram de\"('!olk.,j by th.· authur rur "Y1l111lt~ ti,' 1,,;..1",1 "jtllilli"",,.
The work don£' in tllis in\Tstigatiul1 ,'ollld h",'xlliln,I,..1 ttl illl'lll,I,· ullll'r I'und:ill~
"hear situations in slal,5. Tll('s,' illrlud(' ('xtt'rior rull1l1l11 "illliltiwl" ill lolliltlilll1, nlil'
struCtiOll. <Ijffl'rcut •Yilt'S or slllh ~."._h'l1l" slIdl it._ Ililt slal>s with ,Irop p;lIl..1s. 1'1I11.-1lillJ,\
shear ror offsltnrc COllnell' sl rlH'I1Jrt~ illlli I11HWhi1l1'; "h"i!t rt·hllt'rl III ,1rlll'l'iuc, "I,j.·,·!"
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Appendix A
Computer Spreadsheet Program "PUNCH"
(Equations verification and examples)
:\1
PUNCHING SHEAR OF CONCRETE SlABS USING STRUT-AND-TE METHOD
Input .... IoIIo"""sl.lablnbrmalion;
M.,zoukllnd Husllin. HSIC. [M\
s",n.C<II<IM ...... c_
~,,",Cin:<J"CCII,Oi_... e.
Oill.oICotCI-'NlI,r.I-
$IlI,ot"".o.l'lh.h
".
SYMMETRIC PUNCHING
ty~ ... ,
ptenl !7;:
Ctoclc"'O,O.
Width ofc,ilic.I9CtlonIo,"""""b.S+3h.. S27.3mm
Olpltl of ccmpr.sslon block. a-O,85"AI"IyIHO.65)"O,6fc'bl. .7.7 mm
O",,~ 01 ccmprOlllon lO""y-e,f(O.85j-but :>O,JJ/I- 52.\ mOl
CWK ZONE OF STM
CrlCkW'llltngth.L.(d-y)jllne_ lel.7mm
ElllmalodCracklood,T_n'IJ3'{pl'(B+2{y+yl)/tlnO)_
1t"1enIi.~&Cityotconcre1'_ 2.3lIMpil
"O.5·sqtt(fc)wheftf'cc.OM".
_O.05·(f'c)wtt.nrc>.aMpa
yl.lJ3·slnO_ 27,Omm
ULTIMAT!ifAILUREZONEQf..§Thl
I~LT1MATf PUNCHING SHEAR BASED ON lITM IPuhS11ll ..• lh("l/2·(pl·(B+2yftan0}·O.5y·f2m...·OE.. 348.3kn.
• h<~_DE.ilrp!~.Il'''IMIor_ (Moh,·.,al'. l~
.lwnf'« l')~tp.o.k"_.\((\ "",nr. )~Mpak~_l.lO
n:.:~:::m~,g,OOliI.In'40)')" 19JIoIp.
INTERACTION EqUATION FDA NONSYMMETRIC PUNCHING
~.~
Jc.<I{cl.<lI·3/(!.(cl.d)~·3/(!+2cl(.2+ ..l(cl ..d)/:21·~·
T~.l-{I •.Oll'IqI[(CI +1I)Ij<2+dlll ~ _I. Q<l(l
Uomentstr8ngth Mo.":·JcII_'"(CI.dll'I{I~, 11'8.4,,"-01
c1SIab.Foundwhin _,,":.04J~(t'cl. IO\t.II>I
Voll_DrO
MOMENT RESISTANCE DUE TO SHEAR..
T~Mo. 5O.&lIn-nv"m"'"
MOMENT RESISTANCE OUE TO BENDING.
ConllcMrloge!tlclolcompreSllonJIMI.....
_,""",p'. 0,002
A'... 22O.1mm'"2 AI- 660,20101'"2
Mrb.(~-A·.)fy(d-Il/2)+A'I1y(d-cI').. 34,Okn-m,/IfoidlholctltllC!
-S.3h- 627.3mm
TOTAL MOMENT RESISTANCE 01 SLAB_
Nullo. il,llkn-m,ImUIr
PuItSTM- ~8.3kl1 ..•.. IrornSTRJT~ANO-TlEI.M)OEL
Eccel11dclty....
BI
Appendix B
Calculation Method for Punching Shear of Slab with
Shear Reinforcement
It!
Basis or Stl""ut-and-Tie Model for Punching Strength of COlic-rete SI1\b~
with Shear Reinforcemr.nt
• CiliA.".• slall'1i thai ill reF;iun~ of rouliating n"I1I'n-,;..~i"u "I nib (f;'IH,IJ~IM',II.
thl' concfett'comprnsh-e stress Iimils of ('I 11..I.I.a :u1I1 11.-I.'.:"111I:lY lit' ,'UII-
sidcred satisfit'd by satisfyillgonly tIll' r('(tuin'lInlls of {'III.·I.'.!; (1,1 ;11I,1 (0').
SillCCCI 1\.-1.7.6 (b) is not appliC'abll',only {·lll..t.'.6Irlis r''fluitt·d.
• Cl 11..1.".6 (r) st"te~ that thl' colllpm<sh'(' :-1 rI'.~~ lilllits or all "ulIlll<lI1O'III, "r t lit'
strut'lInd-tip t110dd in Figure ,U I Ml' ~i\lislil'oI i( lilt' t1'usilJlL l'l,inrOI·... 'lIwll1. i.,
anchored o\'er ll. s\l(lici.'ut width that IIII' tt.'USillll l"t'slIhs ill 11 Sltl'SS il" till' c"l!
nodrof I('sslhan O.I.;o.!'C.
• P., assumed 10 act .1/'2 from last shru n-infllrring t'lt'Ill'~It.
• Crack faihut· ~lterlls indicat(' various augIt' narks for ,liff,'u,t1t S\'.'f·illI111.IIt'w-
('\·ef. they always 1I11'l't. lit till' ootlum lIo.h'.
• Therefore, the failul"t' mechanisrn was as.'iIlUII'd tn b(· ilt II(.Ul>Ill 11.,,1<' ,hll' ttl
high conelt'tt' stress. however, the top nooe dll'l"k wa... also dOllt'.
• Height of botlOlll nodt'is assumed to It<' llpproxill1atd)' 1~11I1I1 to till' I'Oll1llfl'S.~ilJll
depth of slab,




